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In this study a theoretical study is carried out on the collision of two rod-like particles suspended in New-
tonian fluid under a shear flow. The length of the particle is fixed at 2 m while the diameter is varied so
that the aspect ratio (length/diameter) varies from 1 to 20. Liquid viscosity is changed from 0.01 to 1 Pa·s.
The Brownian motion is considered to be negligible. Both hydrodynamic and van der Waals interactions
are included in tracking the position and the orientation of each particle. The Hamaker constant is fixed at
1.06 × 1020 J. The result shows that the kinetic constant of coagulation is reduced to approximately 40%
of the value for the non-interacting particles when the viscosity is 1 Pa·s. As collision modes, face-edge,
side-side, side-edge and edge-edge are considered. The side-edge mode is most frequently observed in the
given range of aspect ratio. 
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Introduction

Flows of suspensions of rod-like particles are important

in many industries including fiber reinforced plastics pro-

cessing and paper manufacturing (Sato et al., 1988; Akay

and Barkley, 1991; Atic et al., 2005; Thomason 2009;

Kouko et al., 2019). During the flow of a suspension, rod-

like particles can be aggregated by collision of the parti-

cles and then the rheological properties of the suspension

can change depending on the microstructure developed by

the aggregation. Hence it is essential for proper processing

of a suspension to understand the aggregation kinetics and

the microstructure formation in the suspension of rod-like

particles. 

Smoluchowski considered the collision of two non-

interacting spheres of arbitrary sizes and derived the

kinetic constant of the binary collision (Smoluchowski,

1918). Since then, several studies have been reported on

the collision of two interacting spheres (Van de Ven and

Mason, 1976; Zeichner and Schowalter, 1977; Higashitani

et al., 1982). In the case of non-spherical particles, despite

the practical importance, only a few theoretical studies

have been reported (Philipse and Wierenga, 1998; Singh

et al., 2011). Especially studies on the collision of inter-

acting non-spherical particles have not been reported until

the authors reported the coagulation of disk-like particles

with hydrodynamic and van der Waals interactions

recently (Lee and Kim, 2020a). In the report, they derived

the general equation on the kinetic constant of the binary

collision of non-spherical particles and devised a numer-

ical algorithm to find out the time-independent orientation

distribution function of an axisymmetric body in a simple

shear flow to obtain the kinetic constant easily.

In the present study we consider the collision of rod-like

particles to extend the authors’ recent report on disk-like

particles (Lee and Kim, 2020a). Mathematically, two sys-

tems can be considered the same in that only aspect ratio

is either smaller than 1 for disk-like particles or larger than

1 for rod-like particles. Here aspect ratio is defined as the

ratio of the length along the axis and the diameter of the

circular face. Even though the mathematical approach is

the same, the physics of the two problems may not be the

same in that the portion of the side area in each type of

particle is vastly different for two cases. Especially, in the

case of disk-like particles, the edge plays an important

role. On the other hand, in the case of rod-like particles,

the side area effect is large for a large aspect ratio rod.

We consider two rod-like particles suspended in a liquid

of viscosity 1 Pa·s as a model system. The particle has a

length of 2 m. The diameter is varied from 0.1 to 2 m.

Here the numerical parameters are adopted from Lee and

Kim (2020a) to compare the results with those on disk-

like particles. In the liquid, the Brownian diffusivity has

an order of 1015 m2/s and the Peclet number is much

larger than 100 so that the particles are non-Brownian

under the condition. We obtained the kinetic constant of

the binary collision and the mode of collisions. We then

compared our results with those by Singh et al. (2011) for

non-interacting particles. This study can be of help in

understanding the coagulation of rod-like particles at a

low particle loading. Especially, the result of the present

study may have an important implication in the gelation of

very dilute suspension of long rods. It has been known

that particulate gels can be formed when the particle vol-

ume fraction is as low as 0.00001 (Solomon and Spicer,*Corresponding author; E-mail: cykimku@korea.ac.kr
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2010). At this low particle volume fraction, to reach per-

colation and to have enough gel strength, particles should

be connected by touching the side surface of each rod by

a small portion along the axis. It will be shown that side-

edge collision is the most frequent mode in the binary col-

lision of long rods while supporting the gelation situation.

In the following, we briefly describe the formulation of

the problem. Because the problem formulation and the

subsequent equations to solve are practically the same as

reported in Lee and Kim (2020a), we do not repeat the

detailed derivation here. The detailed derivation of equa-

tions to solve can be referred to the authors’ recent reports

(Lee and Kim, 2020a, 2020b). 

Formulation of Problem

Particles suspended in a flowing liquid collide to each

other to form aggregates. Smoluchowski (1918) showed

that the rate of coagulation (Jij) of two non-interacting

spheres the radii of which are  and  in a simple shear

flow of shear rate  is given by the following equation:

  (1)

In the above equation ni denotes the number concentra-

tion of spheres of radius  and k is the kinetic constant of

aggregation of two spheres with the sum of radii being Rij.

In the case of binary collision of two spheres with equal

radius R this equation becomes

 (2)

where n is the number concentration of particle. 

Rod-like particles rotate in a shear flow and their ori-

entations change as they move. Here the orientation of the

rod-like particle is defined as the orientation of the unit

vector along the rod axis. Due to this rotational motion,

the collision behavior of rod-like particles is much more

complex than the collision of spherical particles. When

two neutrally buoyant particles of P1 and P2 are sus-

pended in a shear flow as shown in Fig. 1,

  (3)

the rate of binary collisions can be written as follows (Lee

and Kim, 2020a):

 (4)

In the above expression, dA is the area element in the y-

z plane at the position of P1 so that vxdA is the local flow

rate in the flow direction (x), p1(1, 1)d1d1 is the prob-

ability that the orientation of P1 is in the range of 1 and

, 1 and . p2 is similarly defined and

 is a unit step function-like factor and is 1

when collision occurs for the set of orientations while 0,

otherwise.

The motion of a spheroid of aspect ratio r in a Stokes

flow has been treated by Jeffery (1922). He showed that

the orientation vector of a spheroid traverses an orbit

given as follows:

 (5)

  (6)

In the above equation C is the orbit constant determined

by the initial orientation  and k is the initial phase

angle. Bretherton (1962) proved that the rotation of a rigid

axisymmetric body in a simple shear flow is mathemati-

cally identical with that of a spheroid if the equivalent

aspect ratio is used. The theory of obtaining the orienta-

tion distribution of a spheroidal particle in a Newtonian

liquid under a simple shear flow based on Eqs. (5) and (6)

is given in Lee and Kim (2020a) together with the numer-

ical algorithm to calculate the orientation distribution

function. The orientation distribution function is valid for

a single particle. If two particles interact somehow, for

example, hydrodynamically, the relationship is no longer

valid. To circumvent this problem, we will consider two

particles separated sufficiently large enough initially to

ignore the effect of particle-particle interaction. The sub-

sequent motion from the initial condition is then accu-

rately calculated by solving the Stokes equation while

including the van der Waals interaction.

Hydrodynamic Interaction (HI)

When the size of particle is sufficiently small, it can be

assumed that the linear and angular accelerations of the
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Fig. 1. (Color online) Two rod-like particles P1 and P2 in a sim-

ple shear flow. P1 is centered at the origin and P2 is approaching

to P1. The coordinate system is also shown.



Study on binary collision of rod-like particles under simple shear flow

Korea-Australia Rheology J., 32(3), 2020 197

neutrally buoyant particles suspended in a liquid are neg-

ligibly small. Thus

 (7)

 (8)

where m and I are mass and inertial moment of particles,

respectively. Also, Up and ωp are linear and angular veloc-

ities of the p-th particle, respectively and r is the vector

from the particle center. Also, S and V denote the surface

and volume of the particle. When the particles are very

small, the hydrodynamic force can be obtained by solving

the Stokes and continuity equations 

   (9)

 (10)

with no slip boundary conditions at the particle surface

and the undisturbed shear flow condition at positions far

from the particles. Rather than solving the equations

directly in a three-dimensional space, we use the boundary

integral method used by Lee and Kim (2020a). Then we

can obtain the following integral equation of force density

fk at a particle surface x0.

(11)

The total hydrodynamic force component exerted on the

p-th particle is 

  (12)

Also, the velocity of a point on a particle surface x0 can

be written as follows:

 (13)

As the hydrodynamic forces acting on two particles with

a current configuration are known from Eqs. (7) and (8),

the hydrodynamic force distribution fk at the particle sur-

faces can be obtained by solving the integral Eqs. (11) and

(12) with an additional restriction of rigid body motions of

two particles of Eq. (13). Then the translation velocity Up

and angular velocity ωp can be obtained as a part of the

solution. Obviously, Eqs. (11)-(13) cannot be solved ana-

lytically. They will be solved numerically as described

below.

The position and orientation of p-th particle can be

obtained by solving the following equations:

 (14)

  (15)

Force and Torque due to van der Waals (vdW)
Interaction

The van der Waals potential between two volume ele-

ments is given as follows (Russel et al., 1991):

  (16)

where X1 and X2 are points within P1 and P2, respectively

and q2 = (X1  X2)·(X1  X2). Also, A is Hamaker constant

which is dependent on liquid-solid pair. In the present

study A is fixed at 1.06 × 1020 J (Lee and Kim, 2018) to

compare with the collision characteristics of disk-like par-

ticles. vdW force acting on particle p is obtained by dif-

ferentiating F with respect to position. The torque due to

vdW force was obtained numerically by dividing each

particle into smaller parts and calculating the force and

torque between pairs of small pieces from each particle.

Numerical Method

Time integration of position and orientation of par-

ticle
The integral equations on force density, velocity and

angular velocity are solved by a numerical method after

discretizing the particle surfaces. Assuming that the force

density is uniform at each boundary element surface, the

following equations on force density fk, U and ω are

obtained at the collocation point of each surface of the two

particles: 

(17)
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The positions and orientations of particles at the next

time step is obtained by integrating U and ω over time. In

this study the second order Runge-Kutta method is used to

advance to the next time step. The time step was chosen

to be 0.25 s after confirming the accuracy. When two par-

ticles become close so that they are like to collide, the

time step for the integration is halved not to make particles

penetrate each other. This time step halving continued

until the time step reaches a preset value of 0.01 s. For this

case, two particles are considered to collide eventually.

The reason we controlled the time step is to reduce the

numerical error in the distance between two rod-like par-

ticles. It was found that even a very small difference in

position or orientation can or cannot result in the collision.

Especially, when the time step is not small enough, one

particle can penetrate into the other particle in the numer-

ical calculation even though particles dodge collision

when a smaller time step is used.

This equation is exactly the same as the one for disk-like

particles given in Lee and Kim (2020a) because the geom-

etries of rod-like and disk-like particles are the same

except for aspect ratio. Hence only the discretization

method is described here. To solve the equations on the

hydrodynamics, the circular face of a disk is divided into

MS (radial direction) by NS (circumferential direction) sub-

surfaces while the side of the disk is divided into NS by LS

sub-surfaces. Then the total number of unknowns is then

6(2MS+LS)NS+12 (12 from U and ω for two particles). In

actual calculations, MS, NS and LS were 3, 6 and 8, respec-

tively, when aspect ratio is 4. MS was adjusted to adapt to

the radius of the cylinder. 

To calculate the force and torque by the van der Waals

interaction, the body of each particle is divided into Mv ×

Nv × Lv (= 2 × 4 × 5) elements in the radial, azimuthal and

axial directions, respectively, and the van der Waals

energy between two body elements, one from each parti-

cle, was calculated by numerical integration using the

Gauss quadrature. To obtain the van der Waals force, vdW

energies were obtained while moving the whole body of

P2 by shifting a small value in three directions. Then the

force components were obtained by numerical differenti-

ation. Torque components were obtained by summing the

cross products with r vector for pairs of divided bodies.

The calculations of 6-fold integrals take the most of com-

puting time at each time step.

Calculation of the kinetic constant of aggregation

and collision mode
To calculate the kinetic constant of aggregation using

Eq. (4), we need to know the orientation distributions of

both particles and the value of u (1 for collision and 0 for

no collision) at the given sets of orientations. The orien-

tation distribution of each particle can be obtained as

described in Lee and Kim (2020a) when two particles are

located far from each other. To determine whether two

particles of given orientations will collide or not, we con-

sider first the test particle (P1) at the origin with an ori-

entation angle . The second particle (P2) with the

orientation of  begins to move from an x-position of

far upstream, say 10 m, from P1 at a given (y, z) position

(y and z are the velocity gradient and vorticity directions,

respectively.). The initial y- and z-positions were chosen

so that they are equally spaced for the numerical integra-

tion in Eq. (4). From each initial point of P2, the trajectory

and orientation of P2 are calculated by Eqs. (5) and (6)

until P2 collides P1 or P2 passes by P1 without collision.

After completing the set of initial (y, z) positions, 

in Eq. (4) is calculated for the set of particles with orien-

tations  and  for P1 and P2, respectively.

The same procedure is repeated for other sets of 

and  for the integration in Eq. (4) to obtain the

kinetic constant of aggregation.

To determine the collision mode, the same method was

used as the one used for disk-like particles (Lee and Kim,

2020a). The same kinds of collision mode are considered,

too: face-edge, side-side, side-edge and edge-edge.

Result 

Orientation distribution function 
The orientation distribution function plays an important

role in the collision of two non-spherical particles because,

depending on the relative orientation of two non-spherical

particles, they can collide or pass by even though the dis-

tance between the centers of mass of two particles is

smaller than the largest length of the particle. The orien-

tations of two particles also determine the collision mode

which eventually affects the microstructure and rheologi-

cal properties of the suspension. In the following we con-

sider the orientation distribution of some rod-like particles.

1 1
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Fig. 2. (Color online) Four collision modes considered in this

study.
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Figure 3 shows the plots of the orientation distribution

functions of rod-like particles of aspect ratios 1, 2, 4 and

20 under a simple shear flow. In Fig. 3a, the most prob-

able orientation occurs when  = 3/8 or 5/8 and = /

2, or 3/2. The short cylinder does not align along the

flow direction and takes an oblique angle to the flow

direction. Also, the orientation is widely spread for all the

angles. It is worth mentioning that the particle can take the

log-rolling motion when  = 0 or . In this case the ori-

entation along the azimuthal angle is distributed over 2

and the function value appears small. However, if the val-

ues are summed up for all the azimuthal angle, it is 0.062,

which is comparable to the maximum value of 0.09

approximately. This orientation is even more conspicuous

for cylinders of large aspect ratios. In Fig. 3b, the orien-

tation distribution when aspect ratio is 2 becomes close to

the one when aspect ratio is 4 in Fig 3c. When aspect ratio

is 2, rods are almost aligned along the flow direction,

which is a qualitative change from the case of aspect ratio

of 1. In Fig. 3c, the most probable orientation occurs when

 = /2 and = /2, or 3/2. A rod of aspect ratio 4 is

aligned along the x, flow direction. The alignment is even

stronger for a rod of aspect ratio 20 in Fig. 3c. The align-

ment along the flow direction implies that two rods will

collide while two ends touch frequently. This issue will be

discussed more in the analysis of collision mode. 

Trajectories of particles
Figure 4a and 4b show the trajectories of particles for

non-aggregating and aggregating cases, respectively. For

two cases the initial orientations are the same while the

initial z-positions are different. In case (a), when two par-

ticles are far from each other, they rotate. In the 5th and 6th

figures, as two particles become close the rotations appear

to be hindered and, eventually, they pass by each other

without collision. In case (b), the motions appear to be

much the same as in case (a) until the 3rd figure. Then as

they become closer the translational velocities become

smaller reflecting the hydrodynamic interaction. In this

case, however, particles cannot dodge and collide eventu-

ally. The van der Waals interaction should play a role. The

same kind of calculations are repeated for other sets of ori-

entations and initial positions to obtain the kinetic constant

as follows.

Collision without HI and vdW
The kinetic constant of coagulation for the binary col-

lision can be obtained by using Eq. (4). As introduced by

Fig. 3. (Color online) Orientation distribution functions of rods with aspect ratios of 1 (a), 2 (b), 4 (c) and 20 (d). Different color map

scales are used for each case to show the peaks conspicuously. 
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Singh et al. (2011), the ratio of rate constants, f, is then

calculated for easier understanding:

 (18)

In the above equation  is the diameter

of the sphere which circumscribes the particle, where L

and R are the length and radius of the rod.

Figure 5 shows the change of the ratio of rate constant,

f, as a function of aspect ratio when there is no particle-

particle interaction. Figure 5 also shows f values obtained

by Singh et al. (The values were read by using the soft-

ware Digitizer and reproduced in the Figure). The two dif-

ferent sets of calculations are in reasonable agreement. As

expected, f decreases with increasing aspect ratio reflect-

ing the fact that the volume fraction of the rod becomes

smaller than the volume of the sphere circumscribing the

rod as aspect ratio increases. 

Figure 6 shows the fractions of collision modes as func-

tions of aspect ratio. First of all, between aspect ratios of

1 and 20, the most dominant collision mode is side-edge

mode. The side-edge collision occupies more than half of

the collisions. One may suspect that side-side mode

should be predominant when aspect ratio is large because

the area of side is dominantly large. However, collisions

between two sides is found to be relatively rare due to the

alignment of rods along the flow direction. The orientation

3

2

4

3
k f D �

2 2 1/2( 4 )D L R 

Fig. 4. (Color online) Trajectories of particles of aspect ratio 4 for

(a) passing by and (b) aggregating cases seen from the vorticity

direction. The initial particle orientations are the same for two

cases: Initial orientation of Particle 1 (The left particle at the

upper most figure for each case): [0.309 0.8236 - 0.476]; Initial

orientation of Particle 2: [0.309 0 0.951]. The initial center of

mass of particle 2 is the origin. The initial positions of particle 1

for case (a) is [-10 0 1.1] m; for case (b) is [-10 0 0.8] m. The

time lapses for case (a) are 0, 2, 4, 6, 8, 10, 12 s consecutively;

for case (b) 0, 2, 4, 6, 8, 10, 10.75 s consecutively. Even though

the initial z-position is small two particles can (b) or cannot (a)

aggregate.

Fig. 5. (Color online) f (ratio of rate constant) as a function of

aspect ratio for non-interacting particles. The result by Singh et

al. (2011) is also shown for comparison.

Fig. 6. (Color online) Fractional collision frequency for each col-

lision mode as a function of aspect ratio for non-interacting par-

ticles.
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effect is also shown in the increasing edge-edge collision

mode with aspect ratio. As the rods are aligned along the

flow direction, the chance of edge-edge contact increases

and the chance of side-side collision decreases. Singh et

al. (2011) reported that the side-side mode increases

monotonically for the aspect ratio considered here. The

difference appears to be their wrong initialization of the

orientations. Singh et al. obtained f for non-interacting two

rods for a wide range of aspect ratio. In their Monte Carlo

simulation, the positions and orientations of two rods are

initialized and then the motion of the particles were

obtained: The centers of the particles moved following the

simple shear flow while the orientations of two rods were

obtained by following the Jeffrey orbits. In their initial-

ization step, they apparently assumed the random distri-

bution of the orientation vector. (More specifically, they

assumed that the distribution of the phase angle was ran-

dom, but they did not give any information of the orbit

constant C which varies from 0 to infinity. This means that

C cannot be evenly distributed due to the infinity.) How-

ever, the orientation of a rod particle is not random under

a flow condition as discussed above. As they also pointed

out, rods tend to align along the flow direction and many

of the collisions should occur between these aligned rods.

The use of initially random orientation appears to be the

reason why they obtained rather a large fraction of side-

side collision mode.

Collision with HI and vdW
Figure 7 shows the change of f with aspect ratio when

hydrodynamic and van der Waals interactions are present.

It also compares the values of f under the influence of HI

and vdW with the values of f without the interactions.

First of all, f decreases again with increasing aspect ratio

when HI and vdW interactions are present as in the non-

interacting case described above. The ratio of f is 2.5

approximately within the aspect ratio range studied here.

More accurately it decreases slightly with increasing

aspect ratio. The decrease reflects the fact that, at a higher

aspect ratio, particles cannot dodge easily by the hydro-

dynamic interaction. In the case of disk-like particles, the

ratio is approximately 3, which reflects a stronger hydro-

dynamic interaction for disk-like particles. It is conceiv-

able that disk-like particles experience stronger hydro-

dynamic interaction due to larger facing areas at the same

center-to-center distance between particles.

Figure 8 shows the changes of collision mode with

increasing aspect ratio. The most frequent collision mode

is again side-edge reflecting the orientation distribution.

Edge-edge mode decreases with aspect ratio and becomes

the least frequent mode when aspect ratio is 10. As aspect

ratio increases it becomes easier to dodge the collision

because the overlapping of the projection areas of the tail

of the leading particle and the head of the trailing particle

becomes smaller and even a slight effect of hydrodynamic

interaction can cause the trailing particle to avoid the col-

lision. On the other hand, the side-side collision increases

with aspect ratio. It appears that the side-side collision

occurs between a flow-direction oriented particle and a

flipping particle and the flipping long rod cannot avoid

collision by hydrodynamic interaction. It is noteworthy for

rods with aspect ratio of 1, that collision modes are dis-

tributed except for side-side mode. This is also reflecting

the influence of hydrodynamic interaction. For the rods

with aspect ratio of 1, edge should play an important role

and the edge is not much affected by hydrodynamic inter-

action. The approach of the side of one particle to the side

of the other particle is suppressed by the lubrication force

caused by hydrodynamic interaction to show a small value

of side-side collision portion. The jumps in side-edge and

edge-edge modes when aspect ratio is increased from 1 to

2 are caused by the abrupt change in orientation distribu-

tion as shown in Fig . 3. Also, the role of edge is reduced

significantly as aspect ratio increases from 1 to 2.

Fig. 7. (Color online) Comparison of f (ratio of rate constant)

between interacting and non-interacting particles as a function of

aspect ratio.

Fig. 8. (Color online) Fractional collision frequency for each col-

lision mode as a function of aspect ratio when hydrodynamic and

van der Waals interactions are present.
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Figure 9 shows the effect of viscosity on f for differing

aspect ratios. f has a higher value when viscosity is smaller

because the hydrodynamic interaction becomes smaller. It

is seen that if viscosity is even smaller than 0.01 Pa·s,

because of the van der Waals interaction, f can have a

value larger than 1. In Fig. 10, the fact that side-side mode

when r = 4, for example, decreases with the increase of

viscosity also support that hydrodynamic interaction

strongly affects the collision mode. The increases in edge-

edge and face-edge modes also support the argument.

The result of the present study that the side-edge colli-

sion is the most frequent mode may have an important

implication in the gelation of very dilute suspension of

long rods. It has been known that particulate gels can be

formed when the particle volume fraction is as low as

0.00001 (Solomon and Spicer, 2010). At this low particle

volume fraction, to reach percolation and to have enough

gel strength, particles should be connected by touching

each side surface by a small portion along the axis. In the

case of side-side collision, percolation of particles inside

the suspension may not be reached because a rather spher-

ically packed structure is formed. Unless such a packing is

not formed, the aggregation of rods should be easily bro-

ken into individual particles because mere touching of

rods in a crossed geometry is very weak. Also, such a

structure tumbles in a shear flow and in this case further

capturing of rods cannot persist until the percolation point

at such a low volume fraction. On the other hand, the side-

edge collision leads the overlap of rather long portions of

rods to result in a non-weak bond. Also, the newly formed

doublet is again a rod to orient along the flow direction

and hence it can participate in capturing another rod. By

continuing this process a gel can be formed at a very low

volume fraction.

Summary

In this paper, the collision of rod-like particles sus-

pended in a Newtonian fluid under a shear flow is con-

sidered theoretically. It is assumed that Peclet number is

large enough to neglect the effect of Brownian motion.

Both hydrodynamic and van der Waals interactions are

included in tracking the position and the orientation of

each particle. The boundary integral formulation is used to

calculate HI. As collision modes, face-edge, side-side,

side-edge and edge-edge collisions are separately consid-

ered. 

The kinetic constant and collision mode for non-inter-

acting particles are obtained first and compared with those

for interacting particles. The kinetic constant of coagula-

tion for non-interacting particles obtained in the present

study is well matched to the value obtained by Monte

Carlo simulation in Singh et al. (2011). However, the col-

lision modes are found to be different from Singh et al.’s

result. The wrong initialization of the orientation rod-like

particle by Singh et al. appears to be responsible for the

discrepancy. The result on the binary coagulation interact-

ing particles shows that the kinetic constant of coagulation

is reduced by hydrodynamic interaction when the viscos-

ity is 1 Pa.s compared with the collision of non-interacting

particles. However, the reduction is smaller than the case

of disk-like particles. As collision modes, face-edge, side-

side, side-edge and edge-edge are considered. Side-edge

mode is the most frequently observed in the given range

of aspect ratio reflecting the fact that rods are orientated

along the flow direction. The dominance of side-edge

mode for rod-like particles is also different from the result

for disk-like particles for which edge related collisions are

dominant.
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Fig. 9. (Color online) f (ratio of rate constant) as a function of

viscosity for three different rod-like particles.

Fig. 10. (Color online) The effect of viscosity on f and collision

mode when aspect ratio is 4.
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