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To effectively control the mixing of target materials inside microfluidic devices, the Dean flow features of
generalized-Newtonian Bird-Carreau (BC) fluids in curved rectangular channels are theoretically investi-
gated, as a passive technique. Governing equations coupled with the Cauchy momentum equation and the
BC model are solved using the finite volume scheme with a semi-implicit method for pressure-linked equa-
tions-revised (SIMPLER) algorithm. The effects of the rheological parameters of BC model, such as vis-
cosity ratio, power-law index, and relaxation time constant, on the Dean flow are systematically examined
in a wide range of Dean numbers (Dn), (very low to O(102)). The entire flow characteristics of BC fluids
in curved microchannels with increasing Dn are quantified using flow skewness, DnRef/DnMFS, and mag-
nitude of vorticity, resulting in two main findings of a more outward-skewed streamwise velocity profile
and a more enhanced secondary Dean vortex for non-Newtonian fluids in comparison to the Newtonian case
at the same Dn.
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1. Introduction

Microfluidic devices have become increasingly popular

in industries as well as academia in various application

fields, including diagnosis, chemical analysis, transporting

medicine, constructing integrated layers, energy, etc., owing

to their significant merits such as high sensitivity, compact

sizes, feature diversity, and compartmentalization (Culb-

ertson et al., 1998; Koh et al., 2009; Rothert et al., 2005;

Tan and Takeuchi, 2007). However, there exist technical

limitations in microfluidic applications; manipulation and

mixing control of target materials inside microfluidic

devices are challenging because of the inherent laminar

flow nature in microchannels at low Reynolds numbers. It

is possible to overcome such issues through various endeav-

ors such as geometric modification and adjustment of fluid

properties and external forces. Many researchers have

recently focused on continuous flows considering hydro-

dynamic interactions to enhance the redistribution and

mixing of particles or cells inside microchannels such as

pinched flow fractionation (Yamada et al., 2004), hydro-

dynamic filtration (Jung et al., 2015), deterministic lateral

displacement (McGrath et al., 2014), inertial manipulation

(Amini et al., 2014; Di Carlo, 2009; Martel and Toner,

2012), and convection mixing (Chen and Meiners, 2004;

Cho et al., 2012; Howell et al., 2004; Shen et al., 2018).

In particular, the analysis of complex fluids accompa-

nying vortices in curved pipes or channels has an import-

ant issue not only in fundamental fluid dynamics (Berger

et al., 1983; Snyder and Lovely, 1990; De Vriend, 1981;

Thangam and Hur, 1990; Lepchev and Weihs, 2010), but

also in practical microfluidic applications. It is connected

with secondary Dean flow (Bayat and Rezai, 2017; Chien

et al., 2008; Volpe et al., 2017; Yoon et al., 2009), which

was first demonstrated by experimental investigations

(Eustice, 1910) and later theoretically elucidated by Dean

(1927). Ookawara et al. (2004) numerically and experi-

mentally investigated Dean flows and proposed a simple

correlation of centrifugal acceleration to estimate the mag-

nitude of Dean flow fields in a curved-rectangular micro-

channel. Folding the straight channel into a spiral or a

serpentine form to reflect the Dean flow can effectively

promote band broadening and increase fractionation effi-

ciency in microfluidic devices under pressure-driven flow

conditions (Culbertson et al., 1998; Di Carlo, 2009). To

appropriately tune the mixing and dispersion features in

lab-on-chip systems that have curvature geometries, it is

important to physically understand the role of secondary

Dean flow for their rational design and operation (Bayat

and Rezai, 2017; Guan et al., 2013; Nivedita et al., 2017;

Shen et al., 2018). 

As mentioned above, it should be noted that numerous

types of complex fluids, e.g., carbohydrate polymers, poly-

saccharides, DNA solutions, cell suspensions, and blood

that are usually incorporated in microfluidic devices, are
*Corresponding authors; E-mail: M.-S. Chun (mschun@kist.re.kr)
and H.W. Jung (hwjung@grtrkr.korea.ac.kr)



Kyu Yoon, Hyun Wook Jung and Myung-Suk Chun

62 Korea-Australia Rheology J., 32(1), 2020

typically non-Newtonian, even at low concentrations (Bharti

et al., 2006; Cherry and Eaton, 2013). However, most micro-

fluidic studies have regarded working fluids as Newtonian

ones (Jarvas and Guttman, 2013; Zhao and Yang, 2013),

particularly, to scrutinize the influence of fluid viscosity

on their microscopic flow behavior in straight microchan-

nels. Various constitutive models have been implemented

to consider non-Newtonian characteristics without yield

stress (Ait-Kadi et al., 1987; Bird et al., 1987; Fan et al.,

2001; Wyatt and Liberatore, 2009). The Bird-Carreau

(BC) fluid model is a representative inelastic generalized-

Newtonian fluid (GNF) model that well portrays shear-

thinning behavior within a specific shear-rate range. In

this model, the power-law index n and the relaxation time

constant  represent the slope and the transition point

between two Newtonian plateaus of zero-shear (0) and

infinite (

) viscosities, respectively. 

Based on the abovementioned backgrounds and our pre-

vious study (Yoon et al., 2017) on the flow pattern and

secondary flow behavior of inelastic fluids in curved

channels under low Dean number condition (Dn < 1), this

study extends to high Dean number flow (Dn > 1) regimes

under high flow rate conditions by systematically quanti-

fying the entire flow characteristics of BC fluids in curved

microchannels. To solve the pressure-velocity-viscosity

coupled problem, a semi-implicit simulation method equipped

with pressure-linked algorithm (SIMPLER) (Patankar,

1980; Yoon et al., 2017; Yun et al., 2010) is incorporated

to clarify the effect of BC model parameters (i.e., 0/∞, n,

and ) on non-Newtonian flows (Bossard et al., 2010;

Chun and Ko, 2012; Ebagninin et al., 2009) in a wide

range of Dean numbers. The relationship between Dean

flow dynamics and the vortex characteristics of inelastic

GNFs in a curve channel is addressed by two main find-

ings: the skewed streamwise velocity profile and the sec-

ondary Dean vortex. Both flow fields are dependent on

fluid parameters and flow strength. In comparison to the

Newtonian case, the distinguishing features of GNFs

(flow skewness and vorticity magnitude) can contribute to

the optimal design of the microfluidic geometry and the

microflow analysis of complex substances such as parti-

cles, polyelectrolytes DNAs, and cell suspensions. 

2. Problem Formulations

2.1. Curved microchannel geometry
The incompressible and inelastic Dean flow in a curved

microchannel with a uniform curvature and rectangular

cross-section is the main focus of this study. The flow

geometry is schematically depicted in Fig. 1, showing a

curvature in the counterclockwise direction with a width

W and a height H, where the hydraulic diameter dh of the

rectangular channel is defined as 2HW/(H+W). For effi-

cient computations, the coordinates were transformed

from the global toroidal system to the local Cartesian one.

The velocity and pressure fields in the entire system are

assumed to be fully developed, except at the entrance of

the curved channel (i.e.,  < 12° in Yoon et al. (2017)).

Coordinates x (= r  RC), y, and z represent spanwise, lon-

gitudinal, and streamwise distances, respectively, where

the curvature radius RC = dz/d. To quantify the magnitude

of the secondary flow and the inertial force in curved

channels, the Dean number (Dn) is defined as Re ,

where Re is the Reynolds number (Berger et al., 1983).

For GNFs,  is commonly accounted for

using the apparent viscosity evaluated at the characteristic

shear rate ( ), fluid density (), average streamwise

velocity (u), and hydraulic diameter (dh) (Cruz et al., 2012;

Hsu and Patankar, 1982; Yoon et al., 2017).

2.2. Governing equations 
To solve the steady pressure-driven flow in a curved

microchannel, the Cauchy momentum equation is used,

which is given by

, (1)

where  is the fluid density, u is the fluid velocity vector,

p is the pressure, and τ is the extra-stress tensor. By

neglecting the end effects (/ = 0), the fluid velocity and

pressure can be expressed as  

and , respectively. t is related to the rate of

deformation tensor e in the form of the GNF model as fol-

lows:

τ = , (2)

where  with the velocity vector u (the

superscript T represents the transpose of a tensor). The

fluid viscosity of the BC model is dependent on the sec-

ond invariant II2e of 2e as follows (Bird et al., 1987):

. (3)

The effective shear rate is described in terms of II2e to

indicate the viscosity in a three-dimensional flow, where

II2e is defined as 

W/RC

Re = dhu/c ·c 

c ·c 

( ) p     u u   

u = [ur r, y , uy r, y , u r, y 
p = p r, y,  

2 II2e e

e u u
T

+ /2

 II2e  =  + 0 –  1 II2e
1/2 

2

+ 
n 1– /2

Fig. 1. (Color online) Curved rectangular channel with a relevant

coordinate system.
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(4)

where the trace is represented as tr( ). Note that tr(2e) is

equal to zero based on the incompressible continuity rela-

tion ( ).

In the momentum equations reformulated in terms of

Cartesian coordinates,  is used to non-dimension-

alize velocity fields such as . Other dimen-

sionless variables are defined as follows: , ,

, , , and . Then,

the dimensionless Cauchy momentum equations are ex-

pressed as follows:

X:

, (5a)

Y: 

                                               , (5b)

Z:

  (5c)

where, FX(μ), FY(μ), and FZ(μ) are the partial derivatives of

viscosity, given by Eqs. (5d)-(5f),

;  (5d)

;  (5e)

.  (5f)

2.3. Numerical computations
The steady-state profiles were numerically evaluated by

solving the governing equations of Eqs. (5a)-(5f) with the

BC model represented by Eq. (3). The modified SIM-

PLER algorithm and the finite volume method (FVM)

were incorporated to solve the Cauchy momentum equa-

tions by combining the continuity equation for the pres-

sure-velocity-viscosity coupling (Patankar, 1980; Yoon et

al., 2017; Yun et al., 2010). The alternating direction

implicit (ADI) method and the staggered grid were also

implemented to achieve accurate and robust calculations

of flow fields for GNFs. 

In the simulations, the channel configuration was delin-

eated in terms of an aspect ratio (H/W) of 2/3 and the cur-

vature ratio (W/RC) of 0.5. No-slip boundary conditions

were imposed on each side of the channel walls, assuming

that the prototype channels made of PDMS or glass had

negligible fluid slippage. A constant value of the pressure

gradient p/z is applied at the cross-section of the chan-

nel, where its value is varied depending on the flow rate.

The following representative parameter values for New-

tonian fluids (with a constant viscosity ) and inelastic

GNFs were used: 0 = 0.5 Pa·s, 

 for water (i.e., 103

Pa·s), n = 0.33, and  = 1 s. The influence of these three

fluid parameters on flow dynamics in a curved channel

was systematically analyzed, considering values of 0

from 2×103 to 1 Pa·s at a constant 

 (103 Pa·s), values

of n from 0.2 to 1, and values of  from 0.001 to 1 s.

3. Results and Discussion

Figures 2a and 2b compare the streamwise velocity pro-

files for Newtonian and BC fluids, respectively, where

each velocity is normalized by the maximum values of

individual cases. Figures 2c and 2d show the secondary

Dean velocity profiles for both fluids, respectively, where

Dn = 28, viscosity ratio 0/∞ = 1000, n = 0.33, and  = 1

s. The dimensionless positions of x/W = 0.5 and +0.5

II2e = 2e:e = tr 2e  2 tr 2e 2– /2
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Fig. 2. (Color online) Dimensionless contour plots of streamwise

flow velocity ((a) and (b)) and secondary Dean flow ((c) and (d))

at the cross-section of the channel, where Dn = 28, H/W = 2/3,

and W/RC = 0.5. Newtonian fluid ((a) and (c)) and inelastic fluid

((b) and (d)) with BC parameters of 0/
= 500, n = 0.33, and 

= 1 s are compared. White circles in Figs. 2c and 2d indicate cen-

ters of vortices.
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indicate the inner and outer walls of the curved micro-

channel, respectively. Note that in the case of a low Dn,

the simulations already confirmed an inward-skewed flow

behavior in a curved system, coinciding with results of

previous studies (De Vriend, 1981; Yun et al., 2010). On

the contrary, an outward-skewed pattern in the high Dn

case (Cheng et al., 1976; Rowe, 1970) was observed as

shown in Fig. 2. This reflects the competition between the

pressure gradient along the spanwise direction and the

centrifugal force. The streamwise velocity of a BC fluid

tends to be more inclined toward the outer wall along the

spanwise axis, compared to the Newtonian case under a

high Dn. The curvature-induced secondary rotational flow

perpendicular to the streamwise direction is caused by the

imbalance in the streamwise velocity along the spanwise

(or radial) direction. In the case of a high Dn for the shear-

thinning BC fluid, the center of vortices moves toward the

outer wall, enhancing the secondary Dean flow to a greater

extent than in the Newtonian case at the same Dn. It will

be important to separately elucidate the effect of fluid

parameters on streamwise and secondary Dean flows.

3.1. Effect of fluid parameters on streamwise flows
The flow model parameters as well as the flow strength

definitely affect streamwise flow dynamics. The flow

skewness of the streamwise velocity is primarily ascribed

by the mutual competition of the inertial force and the

spanwise pressure gradient in the curved channel. To quan-

tify the degree of the asymmetric skewness of the stream-

wise velocity, the flow skewness is defined as qL/qR, where

the volumetric flow rates of the left-half side and the right-

half side of the microchannel are qL =  and

qR = , respectively (Yoon et al., 2017). Note

that qL/qR in the straight channel flow is equal to 1 under

the symmetric flow condition.

Figure 3 shows the flow skewness qL/qR in the curved

microchannel with respect to the variations in fluid param-

eters such as viscosity ratio 0/
, power-law index n, and

relaxation time constant  in a wide range of Dn. These

data are also compared with the Newtonian case for the

reference. Irrespective of the parameters, the qL/qR values

of a GNF generally exceed those in the Newtonian case

with 18% inward skewness at a low Dn, which demon-

strates a higher inward skewness. The skewness of the

flow pattern abruptly changes at Dn > 1. 

GNF flows in the curved channel reveal unique charac-

teristics through variations in the fluid parameters. As the

viscosity ratio increases, the peak of flow skewness increases,

shifting to a lower Dn. The peak increases with a decrease

in the power-law index, maintaining the same position of

maximum flow skewness (MFS). However, the variation

in the relaxation time constant does not affect the MFS,

which is simply shifted toward high Dn as  decreases.

Figure 4 schematically illustrates the effect of the vis-

cosity ratio change. Here, the flow skewness behavior with

respect to the variations in GNF parameters is aligned by

the shifting factor, based on the Newtonian case of outer
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Fig. 3. (Color online) Flow skewness of BC fluids with different

Dean numbers with variations in (a) viscosity ratio 0/
 of 1, 5,

50, and 500, where n = 0.33 and  = 1 s, (b) power-law index n

of 0.33, 0.5, 0.7, and 0.9, where 0/
= 500 and  = 1 s, and (c)

relaxation time constant  of 1, 0.1, 0.01, and 0.001 s, where 0/




= 500 and n = 0.33.

Fig. 4. (Color online) Schematic of calculating DnRef and shifting

factor, based on the Newtonian flow skewness curve at a high

Dn.
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skewness state at a high Dn. For instance, flow skewness

curves with different 0/ values in Fig. 4 are shifted by

reconciling them with the Newtonian curve at a high Dn

(i.e., DnNewt = Shifting factor × DnBC at flow skewness =

1). The reference Dean number, DnRef, from the Newto-

nian curve is also defined at the intersection point of two

extrapolated lines: a constant flow skewness regime (low

or intermediate Dn) and an abruptly decreasing flow

skewness regime (high Dn). The relative distance between

DnMSF at the MFS and DnRef at the shifted curve is intro-

duced as DnRef/DnMFS to explain the contribution of each

model parameter on the transition of flow skewness.

Figures 5a-5c show the shifting factor and DnRef/DnMFS

obtained from the flow skewness curves of Fig. 3 under

various GNF parameter conditions. In Fig. 5a, the shifting

factor gradually increases with increasing viscosity ratio.

Meanwhile, the MFS begins to emerge at a lower Dn as

the viscosity ratio increases, representing a logarithmic

increment of DnRef/DnMFS with respect to the viscosity

ratio (no MFS in the Newtonian case). As illustrated in

Figs. 3b and 5b, the power-law index produces an incon-

sistent outer flow skewness at a high Dn and dose not alter

DnRef/DnMFS. In Fig. 5c, the shifting factor decreases with

increasing . DnRef/DnMFS with respect to  has a loga-

rithmical slope of 1 because increasing  causes the

power-law regime of viscosity to move toward a low shear

rate, thus generating the MFS peak at a low Dn.

It was concluded that the axial flow patterns in a wide

range of Dn, including flow skewness, which depend on

the pressure gradient or fluid parameters, could be suitably

quantified using the information regarding the MFS,

DnRef/DnMFS, and shifting factor.

3.2. Effect of fluid parameters on secondary Dean flow
A secondary Dean flow occurring in the curved micro-

channel provides useful information for microfluidic mix-

ing and the manipulation of particles or cells (Nivedita et

al., 2017; Song et al., 2010). The GNF properties also

play a significant role in regulating their secondary Dean

flow patterns and the centers of the vortices. Figures 6-8

illustrate the contour plots of the secondary velocity pro-

files at a low Dn (<< DnMFS) and high Dn (≈ 28 in this

study) under the same BC parameter conditions as used in

the analysis of streamwise flows. The secondary Dean

flows clearly portray trends of the total vorticity magni-

tudes. 

In Fig. 6, the contour plots and velocity vectors are var-

ied in accordance with the viscosity ratio, clarifying that

the centers of the vortices (ux = uy = 0 and ω = 0, where ω

is the vorticity vector) move toward the outer wall and that

the secondary Dean flow is reinforced with an increasing

viscosity ratio as well as Dn. Figure 7 shows the second-

ary Dean flow profiles with respect to the power-law

index at low and high Dn’s. The increased n appears to

tighten the secondary flow in Fig. 7, especially at a high

Dn; this is a result of the shear-rate distribution at the

cross-section depending on n and related Re. Figure 8

shows interestingly obvious differences in the strength and

distribution of secondary flows at low and high Dn’s with

a change in . The spanwise component of the secondary

velocity in the inward direction (X) is enhanced in the

narrow regimes near the top and bottom walls, while the

flow in the middle of the channel with increasing  is

Fig. 5. Shifting factor of flow skewness and DnRef/DnMFS with

variations in (a) viscosity ratio, (b) power-law index, and (c)

relaxation time constant. 
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widely spread in the direction of the outer wall (+X). This

is because the viscosity distributions at the cross-section

turns down a flow resistance near the channel walls, while

the center of the channel experiences the strong flow resis-

tance by relatively high viscosity. For increasing Dn val-

ues, Figs. 6-8 illustrate the movement of the vortices

toward the outer wall as well as the reinforced magnitude

of the secondary velocity. This results from the stronger

fluid inertia than the spanwise pressure gradient.

The strength of vortices is found to be significantly

influenced by the GNF properties. To quantitatively pin-

point the recirculation strength in the secondary Dean

flow, the total magnitude of vorticity at a cross-section of

the curved channel is calculated as |ω(X, Y)|dXdY/

dXdY. The log-log plots of Fig. 9 show the scaling

relations corresponding to each BC model parameter. The

vorticity magnitude for non-Newtonian fluids shows a
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Fig. 6. (Color online) Dimensionless contour plots of secondary Dean flow at the channel cross-section with different values of viscosity

ratio and low Dn ((a), (c), and (e)) and high Dn ((b), (d), and (f)). BC fluid parameters are given as 0/
= 5 ((a) and (b)), 50 ((c) and

(d)), and 500 ((e) and (f)), where n = 0.33 and  = 1.0 s. White circles indicate centers of vortices.
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transition from zero-shear viscosity (higher viscosity) to

infinite shear viscosity (lower viscosity) with an increas-

ing Dn. This is due to the shear-thinning behavior in the

intermediate shear rate region between 0 and 

 at upper

and lower ends for BC fluid model. As shown in Fig. 9a,

as the viscosity ratio increases, the total vorticity magni-

tude considerably increases under the same Dn. At a high

Dn, the vorticity magnitudes for GNFs approach those of

a Newtonian fluid for 


owing to the viscosity reduction

by considerably high shear-rate distribution in the GNF

case. In Fig. 9b, the logarithmic slope of the vorticity

magnitude for GNFs gradually decreases as the power-law

index decreases, compared to the value of 2 for a New-

tonian fluid. This indicates a more rapid approach for a

GNF with a low n to a Newtonian case for 

 at higher

Dn. With respect to the effect of , the total vorticity mag-

nitude in Fig. 9c moves toward a Newtonian case for


at high Dn, depending on . It rapidly increases with

Fig. 7. (Color online) Dimensionless contour plots of secondary Dean flow at the channel cross-section with different values of power-

law index and the low Dn ((a), (c), and (e)) and high Dn ((b), (d), and (f)). BC fluid parameters are given as n = 0.33 ((a) and (b)),

0.5 ((c) and (d)), and 0.7 ((e) and (f)), where 0/
= 500 and  = 1.0 s. White circles indicate centers of vortices.
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decreasing  till DnMFS, considering that DnMFS is propor-

tional to the inverse of . From this point, the logarithmic

slope maintains a constant value, independent of .

Figures 6-9 indicate that the magnitudes of the Dean

flow velocity and vortices are evidently affected by the

BC model parameters, 0/
, n, and . The strength of the

secondary Dean flow can be quantified by calculating the

total vorticity magnitude. 

4. Conclusions

The present study aimed to further elucidate the effects

of Dean number and fluid model parameters on inelastic

Dean flow in a curved rectangular microchannel. This

study is extended from a previous study focusing on the

parametric analysis of weak Dean flow under a fixed pres-

sure gradient. Secondary Dean flows were numerically

investigated, based on a theoretical model framework

Fig. 8. (Color online) Dimensionless contour plots of secondary Dean flow at the channel cross-section with different values of relax-

ation time constant and the low Dn ((a), (c), and (e)) and high Dn ((b), (d), and (f)). BC fluid parameters are given as = 0.001 s ((a)

and (b)), 0.1 s ((c) and (d)), and 1 s ((e) and (f)), where 0/
= 500 and n = 0.33. White circles indicate centers of vortices.
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developed by employing the finite volume scheme with

the SIMPLER algorithm. Both the Dean number and the

BC fluid parameters were found contribute to secondary

Dean flow dynamics. Distorted flow patterns for inelastic

fluids were quantified using the skewness of the stream-

wise flow and the total magnitude of vorticity. The axial

flow patterns under a wide range of Dn’s depending on the

pressure gradient or fluid parameters could be properly

predicted from the information regarding the MFS, DnRef/

DnMFS, and shifting factor. Furthermore, the computation

results revealed that, for inelastic viscous fluids, the strength

of the secondary Dean flow was enhanced considerably

and the centers of the vortices migrated toward the outer

wall of the curved microchannel. Understanding the

inelastic Dean flow including the effects of flow distribu-

tion and rheological properties can help manipulate inher-

ent fluid forces. This can help realize higher efficiency

and selectivity in the applications such as micromixing

and particle focusing in microfluidic devices.
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