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Dynamic oscillatory shear flow has been widely used to investigate viscoelastic material functions. In par-
ticular, small amplitude oscillatory shear (SAOS) tests have become the canonical method for characterizing
the linear viscoelastic properties of complex fluids based on strong theoretical background and plenty of
experimental results. Recently, there has been increasing interest in the use of large amplitude oscillatory
shear (LAOS) tests for the characterization of complex fluids. However, it is difficult to define material
functions in LAOS regime due to an infinite number of higher harmonic contributions. For this reason,
many recent studies have focused on intrinsic nonlinearities obtained in medium amplitude oscillatory shear
(MAOS) regime, which is a subdivision of the full LAOS regime. In this study, we reviewed recent exper-
imental and theoretical results of nonlinear material functions in the MAOS regime, which contain four
MAOS moduli (two first-harmonic moduli and two third-harmonic moduli) from Fourier and power series
of shear stress, and a nonlinear material function Q0 and its elastic and viscous parts from Fourier-transform
rheology (FT rheology). Furthermore, to identify linear-to-nonlinear transitions in stress response of model
polystyrene (PS) solutions, we presented Pipkin diagrams in frequency ranges from the rubbery plateau
region to the terminal region.

Keywords: medium amplitude oscillatory shear, MAOS moduli, FT rheology, material functions, nonlinear

rheology

1. Introduction

Recently, large amplitude oscillatory shear (LAOS) test-

ing has become one of the attractive methods for charac-

terizing various complex fluids, such as polymer melts

and solutions, block copolymers, biological macromole-

cules, polyelectrolytes, surfactants, suspensions, and

emulsions (Hyun and Wilhelm, 2018; Hyun et al., 2011).

For dynamic oscillatory shear testing on strain-controlled

rotational rheometers, output stress signals are measured

when strain input is given by a sinusoidal wave [(t) = 0

sin (ωt)]. When the applied strain amplitude (0) is suffi-

ciently small at a fixed excitation frequency (ω), the out-

put stress wave is also sinusoidal, and stress amplitude

scales linearly with strain amplitude. This linear relation-

ship is valid for small amplitude oscillatory shear (SAOS)

regime. In the SAOS regime, material functions are rig-

orously defined based on the firm theoretical background,

e.g., storage modulus (G′) and loss modulus (G″). How-

ever, as strain amplitude increases beyond the SAOS

regime, the stress curve becomes distorted. In this regime,

stress response lies in large amplitude oscillatory shear

(LAOS) condition. The distorted stress is still periodic but

has odd higher harmonic contributions (Wilhelm, 2002).

Only odd harmonics of shear stress are expected for typ-

ical and ideal material responses to LAOS, although even

harmonics can be observed experimentally (Hyun and

Wilhelm, 2018). These odd higher harmonics can be

quantified by Fourier-transform (FT) rheology (Hyun and

Wilhelm, 2009; Wilhelm, 2002) or the Chebyshev descrip-

tion (Ewoldt et al., 2008) based on the stress decomposi-

tion method (Cho et al., 2005). However, it is difficult to

define material functions in the LAOS regime due to an

infinite number of higher harmonic contributions. Wil-

helm et al. (2012) observed 289th higher harmonics at 0 =

3000 for beer foam (a new record for higher harmonics).

Though this is a very special case, LAOS stress usually

has many odd higher harmonics. For this reason, many

recent studies have focused on intrinsic nonlinearities

obtained in the medium amplitude oscillatory shear (MAOS)

regime, which is intermediate between the SAOS regime

and the full LAOS regime (Ewoldt and Bharadwaj, 2013;

Hyun and Wilhelm, 2009; Song and Hyun, 2018; Song

and Hyun, 2019; Song et al., 2016; Song et al., 2017a).

In the MAOS regime, stress responses can be charac-

terized by two SAOS moduli (G′ and G″) and four MAOS

moduli (two first-harmonic moduli and two third-har-

monic moduli) (Ewoldt and Bharadwaj, 2013). In other

words, only four nonlinear moduli are required to recon-

struct nonlinear response in the MAOS regime. Thus, the

high dimensionality of LAOS is avoided in the MAOS

regime. Furthermore, MAOS can be more informative

than SAOS in terms of inferring structure-rheology rela-
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tionships as it avoids flow-induced structure failures (Mar-

tinetti et al., 2018; Salehiyan et al., 2016; Song et al.,

2017a). Many years ago, four MAOS moduli have been

reported for model calculations, although the term MAOS

was not used by the authors at the time (Kirkwood and

Plock, 1956; Paul and Mazo, 1969). The first experimen-

tal report of all four MAOS moduli was published in 2013

by Ewoldt and Bharadwaj (2013). Recently, four MAOS

moduli were applied to the characterization of the nonlin-

ear behavior of monodisperse linear polystyrene (PS)

solutions (Song and Hyun, 2018; Song and Hyun, 2019).

In the FT rheology method, third-harmonic intensity

normalized by first-harmonic intensity (I3/1) has frequently

been used as a representative nonlinear parameter. In the

MAOS regime, third-harmonic intensity is the only higher

harmonic contribution, and I3/1 should be expected to scale

quadratically with strain amplitude (Hyun et al., 2007).

Based on experimental and theoretical findings, Hyun and

Wilhelm (2009) suggested an intrinsic nonlinearity Q0 in

the MAOS regime. A new nonlinear parameter Q0(ω),

which is a combined parameter of two third-harmonic

intrinsic nonlinearities, has been applied to well-defined

model polymer architectures, e.g., linear, 3-arm star, comb

with many branches, and long chain branching architec-

tures (Hyun and Wilhelm, 2018).

The onset and width of the MAOS regime are best pre-

sented in Pipkin space maps, in which viscoelastic responses

of materials are plotted as functions of two input variables

(0 and ω) (Pipkin, 1986). In the past, Pipkin space was

used to determine the limit of linear viscoelastic response

(Astarita and Jongschaap, 1978; Gross and Maxwell, 1972;

Jongschaap et al., 1978). The first credible result was

obtained experimentally and theoretically by Jongschaap

et al. (1978). In this previous study, the linear viscoelastic

strain limit of poly(isobutylene) (PIB) solution was qual-

itatively consistent with model prediction by the simple-

fluid theory of Coleman and Noll. Recent reports have

shown Pipkin space delineating SAOS and MAOS limits

can be drawn using four MAOS moduli, because they are

leading order deviations from linear viscoelasticity (Ewoldt

and Bharadwaj, 2013). Thus, four MAOS moduli were

used for mapping the Pipkin space of poly(vinyl alcohol)

(PVA)-Borax gel, hard sphere suspensions, and several

constitutive models (Ewoldt and Bharadwaj, 2013; Kumar

et al., 2016; Martinetti and Ewoldt, 2019). The boundary

for linear-to-nonlinear transitions can be determined using

MAOS moduli.

In this study, we reviewed nonlinear material functions

defined in the MAOS regime. Four MAOS moduli (two

first-harmonic moduli and two third-harmonic moduli) are

introduced. In addition, nonlinear material functions Q0,

 (elastic Q0), and  (viscous Q0) are introduced from

the FT rheology framework. We start this review by out-

lining the theory and providing definitions for MAOS

material functions in the “Theory” section. The “Results

and Discussion” section consists of four contents: (1) A

summary of MAOS analytical solutions obtained from

various constitutive equations, (2) a review of recent

experimental findings of polystyrene (PS) solutions, (3) a

comparison between experimental data and model predic-

tions, and (4) new results on the Pipkin spaces of PS solu-

tions.

2. Theory

Sinusoidal shear deformation is applied to a material

under oscillatory shear flow as follows:

(1)

where 0 is strain amplitude and ω is excitation angular

frequency. Simultaneously, an orthogonal strain rate is

imposed as follows:

(2)

where 0ω is strain rate amplitude.

Nonlinear shear stress in the LAOS regime can be

expressed as a Fourier or power series with odd higher

harmonics. The Fourier series expression is written as fol-

lows (Giacomin and Dealy, 1993):

(3)

where n is the harmonic number. The power series expres-

sion separates strain dependence and frequency depen-

dence, in which four MAOS moduli are defined. The

power series expansion is written as follows (Pearson and

Rochefort, 1982):

. (4)

From Eqs. (3) and (4), Fourier moduli are related to

coefficients of a power series expansion.

(5)

where and are two SAOS moduli or linear

viscoelastic material functions. In this manuscript, we

write SAOS moduli as G′(ω) and G″(ω) and do not use

the subscript 11. We write the four MAOS moduli as

, , , and . These four MAOS

moduli are categorized as follows: Two first-harmonic

moduli [  and ] and two third-harmonic mod-

uli [  and ]. In terms of the Chebyshev frame-

work, the four Chebyshev coefficients are directly related

to the four intrinsic-nonlinear Fourier coefficients (Ewoldt
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and Bharadwaj, 2013).

(6)

First-harmonic MAOS moduli affect intercycle proper-

ties (Ewoldt and Bharadwaj, 2013), and cause average

deviations from linear viscoelastic stress on increasing

strain amplitude, which results in different LAOS types

(Hyun et al., 2002). Positive and indicate inter-

cycle strain stiffening and shear thickening, respectively,

whereas negative and indicate intercycle strain

softening and shear thinning, respectively (Fig. 1a). Con-

trariwise, third-harmonic MAOS moduli, termed intracy-

cle nonlinearities, generate local deviations from linear

viscoelastic stress within an oscillation cycle, and thus, are

responsible for curve distortions in MAOS stress. By

investigating the sign information of first-harmonic and

third-harmonic moduli, one can determine what the driv-

ing source of average changes is (Ewoldt and Bharadwaj,

2013; Song and Hyun, 2018; Song and Hyun, 2019).

First-harmonic MAOS moduli can be used to character-

ize the four LAOS types suggested by Hyun et al. (2002).

Strain sweep results of complex fluids are classified into

four generic types, namely, type I, strain thinning ( and

decreasing); type II, strain hardening ( and 

increasing); type Ⅲ, weak strain overshoot ( decreas-

ing, increasing followed by decreasing); type Ⅳ,

strong strain overshoot ( and increasing followed

by decreasing). In Fig. 1b, the four LAOS types are pre-

sented along with the corresponding signatures of first-

harmonic MAOS moduli. Type Ⅰ, Ⅱ, and Ⅲ have been

experimentally verified in several studies (Ewoldt and

Bharadwaj, 2013; Kumar et al., 2016; Song and Hyun,

2019). Therefore, first-harmonic MAOS moduli explain

changes in the MAOS regime of different LAOS types.

Furthermore, the use of first-harmonic MAOS moduli

allows one to explore MAOS signatures over frequency

ranges wider than single frequency analysis of the LAOS

type.

From FT rheology, the relative intensity of the third har-

monic I3/1(ω, 0) is derived as follows (Hyun and Wilhelm,

2009):

(7)

Equation (7) shows that I3/1 scales quadratically with strain

amplitude in the MAOS regime. Using this scaling rela-

tionship, a nonlinear parameter Q(ω, 0) and an intrinsic

nonlinearity Q0(ω) are defined as (Hyun and Wilhelm,

2009)

, (8)

. (9)

By definition, Q0 is related to the third-harmonic MAOS

moduli (  and ). Furthermore, because Q0 is a com-

bined measure of two third-harmonic MAOS moduli, Q0

can be decomposed into elastic and viscous parts as fol-

lows (Song and Hyun, 2018):
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Fig. 1. (Color online) (a) Diagram indicating the four spaces

defined by first-harmonic MAOS moduli (  and ). Positive

values of  and  cause intercycle strain stiffening and shear

thickening, respectively, whereas negative values of  and 

cause intercycle strain softening and shear thinning, respectively.

(b) Relations between first-harmonic MAOS moduli and the four

LAOS types suggested by Hyun et al. (2002). Reproduced by

permission of Song and Hyun (2019), copyright of the Korean

Society of Rheology and the Australian Society of Rheology.
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.  (11)

Thus, Q0 can be reconstructed by taking the square root

of the sum of the squares of  and  as follows:

 (12)

The intrinsic-nonlinear material functions ( , , and

Q0) obtained in MAOS regime are equivalent to the SAOS

material functions (G′, G″, and |G*|), and thus, these

parameters can be used to quantify the MAOS behavior of

complex fluids.

Intrinsic-nonlinear tan δ3,0 and its phase angle δ3,0 are

calculated from the ratio of elastic and viscous Q0, as is

performed for SAOS material functions (Song and Hyun,

2018).

,  (13)

 (14)

where δ3,0 is bound between 0° and 360°.

3. Experimental Section

3.1. Materials
In this review, we introduced the results of model poly-

mer solutions. The solutions were prepared by dissolving

three different monodisperse linear PS in dioctyl phthalate

(DOP) at different concentrations (Table 1). These solu-

tions were previously used in Song et al. (2017a), Song

and Hyun (2018), and Song and Hyun (2019). The pro-

cedure used for sample preparation is described in Song et

al. (2017a). Effective entanglement numbers of these PS

solutions were calculated using Zsol = (Mw/Me)ϕ
α, where ϕ

is polymer volume fraction and α is the dilution exponent,

which was taken to be 4/3 based on the results of Shahid

et al. (2017). An entanglement molecular weight (Me) of

17.3 kg/mol was used for the calculation (Ferry, 1980). As

the name indicates, in unentangled solutions, polymers do

not have entanglements with neighboring chains. How-

ever, to present relative entanglement state, we calculated

Zsol for unentangled solutions under the assumption that

the definition of Zsol is asymptotically valid for lower vol-

ume fractions. Sample characteristics are summarized in

Table 1.

3.2. Rheological measurements
A strain-controlled ARES-G2 rheometer (TA Instru-

ments) was used for the strain sweep experiments. Mea-

surements were carried out with 25, 40, and 50 mm

parallel-plate geometries. Temperatures were controlled

using an advanced Peltier system (APS). Fourier transfor-

mation (FT) of raw stress data was conducted using the

built-in FT-rheology function in the data acquisition soft-

ware. MAOS vertical shift factor of 1.5 was used to com-

pensate for the non-uniform strain field in parallel-plate

geometry when we compared experimental data with

model prediction (Song et al., 2017b).

4. Results and Discussions

4.1. MAOS moduli from various constitutive equations
Nonlinear stress behavior can be predicted by numerical

simulation using various constitutive equations but it is

not easy to obtain full (or LAOS) analytical solutions from

constitutive equations. However, four MAOS moduli (the

two first harmonic and the two third harmonic) can be

analytically calculated with relative ease. Many research-

ers have derived MAOS analytical solutions from various

constitutive equations. Recently published results are sum-

marized in Table 2. The detailed equation forms can be

found in the corresponding references.

We present two SAOS moduli (G′ and G″) and four

MAOS moduli ( , , , and ) of the Giesekus

model as an example (Fig. 2). The Giesekus model has a

0
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Table 1. Molecular characteristics of the linear PS solutions

investigated.

Sample 

name

Mw [kg/mol] 

(PDI)
ϕ [] Zsol []

Entangled or 

Unentangled*

PS100_20

100.4 (1.02)

0.187 0.620

UnentangledPS100_25 0.234 0.840

PS100_30 0.283 1.077

PS100_35 0.331 1.330
Entangled

PS100_40 0.380 1.600

PS183_25

183 (1.06)

0.234 1.530

Entangled
PS183_30 0.283 1.961

PS183_35 0.331 2.422

PS183_40 0.380 2.911

PS300_10

297.7 (1.07)

0.093 0.722 Unentangled

PS300_15 0.140 1.246

Entangled

PS300_20 0.187 1.838

PS300_25 0.234 2.489

PS300_30 0.283 3.191

PS300_35 0.331 3.941

PS300_40 0.380 4.736

*Entanglement state was determined from the relationship

between zero-shear viscosity and the product of concentration

and weight-average molecular weight.
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nonlinear parameter  (0 <  ≤ 1), called the “mobility

factor”, which is associated with anisotropic Brownian

motion and/or anisotropic hydrodynamic drag (Bird et al.,

1987). The Giesekus model has been used to describe the

rheological behavior of many material systems with aniso-

tropic microstructures. As  increases, shear thinning

becomes more pronounced in steady shear test (Larson,

1988). In Fig. 2, G′ and G″ are independent of , but chang-

ing  alters the frequency dependences and magnitudes of

the four MAOS moduli. The parameter  even causes a

sign change of  at high De (≡ ωτ, τ is model relaxation

time) (Fig. 2d). As mentioned in the “Theory” section,

first-harmonic moduli are directly related to the four LAOS

types. The Giesekus model can describe LAOS type I and

III because  is always negative.

4.2. Intrinsic nonlinearity Q0 from various constitu-

tive equations
Intrinsic nonlinearity Q0 and its elastic and viscous parts

(  and ) are also calculated analytically from various

constitutive equations (actually, they are related to third-

harmonic MAOS moduli). A variety of equations for Q0G31

G31


Q0 Q0

Table 2. Literatures on analytical MAOS moduli. Analytical solutions are not shown here.

Constitutive model
Analytical MAOS moduli

Applications References
First harmonic Third harmonic

Fourth-order fluid O O

General Complex 

fluids

Bharadwaj and Ewoldt (2014)

White-Metzner (WM) with 

Carreau viscosity
O O Merger et al. (2016)

Giesekus O O Gurnon and Wagner (2012)

Phan-Thien-Tanner (PTT) O for ξ = 0 O for ξ = 0 Bae and Cho (2017)

Corotational Maxwell (CRM) O O
Giacomin et al. (2011); Poungthong et 

al. (2019); Poungthong et al. (2018)

Corotational Jeffreys (CRJ) O O
Giacomin et al. (2011); 

Saengow et al. (2017)

Oldroyd 8-constant O O
Saengow and Giacomin (2018); 

Saengow et al. (2017)

Separable K-BKZ O O
Cho et al. (2010); Giacomin et al. 

(1993); Martinetti and Ewoldt (2019)

Dilute rigid dumbbell without 

hydrodynamic interaction
O O

Dilute polymer 

solutions

Bird et al. (2014)

Dilute rigid dumbbell with 

hydrodynamic interaction
O O

Gilbert and Giacomin (2016); Kirkwood 

and Plock (1956); Paul (1969)

Plane-Polygonal polymer O O
Gilbert and Giacomin (2016); Paul and 

Mazo (1969)

Doi-Edwards with independent 

alignment approximation (DE IA)
O O

Entangled polymer 

melts and solutions

Pearson and Rochefort (1982)

Doi-Edwards without independent 

alignment approximation (DE)
O O Helfand and Pearson (1982)

Molecular stress function (MSF) O O
Abbasi et al. (2013); Wagner et al. 

(2011)

Curtiss-Bird O O
Bharadwaj and Ewoldt (2015); 

Fan and Bird (1984)

Pom-Pom X O Cziep et al. (2016); Hoyle et al. (2014)

Coupled double-convection-repta-

tion with chain stretch (cDCR-CS)
O O Hershey and Jayaraman (2019)

Empirical equation for mono-

disperse linear chains
O X Song and Hyun (2019)

Strain-stiffening model O O
Transient polymer 

networks
Bharadwaj et al. (2017)

Kinetic theory for active matter O O
Dilute active matter 

suspension
Bozorgi and Underhill (2014)

Yu-Bousmina O O
Dilute simple 

emulsion
Nie et al. (2016)
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obtained using various constitutive equations are listed in

Table 3 (Hyun and Wilhelm, 2018). These results showed

Q0  ω2 at limiting low frequencies. The scaling law (Q0

 ωk) at limiting high frequency depended on constitutive

equations, i.e., k = 1.0 for the Giesekus model and the

Pom-Pom model, but k = 0 for the corotational Maxwell

model, the separable K-BKZ model, the dilute rigid

dumbbell model, the DE IA model, and the MSF model,

and k = 1.0 for the White-Metzner model (Fig. 3). From

experimental observations, Cziep et al. (2016) reported k

= 0.35 for various monodisperse linear homopolymer

melts. On the other hand, Song et al. (2017a) observed k

= 0 for dilute monodisperse polystyrene (PS) solutions

and 0.23 for concentrated PS solutions and melts. Figure

3 shows Q0, , and  as functions of De and the ana-

lytical solutions of different constitutive equations. Sign

changes of  and  depend on constitutive equations.

Based on the variety of analytical Q0 calculated using con-

stitutive equations describing the behavior of various non-

Newtonian fluids, Q0 appears to be a good candidate for

characterizing complex fluids.

4.3. Experimental results of polymer solutions
We investigated two SAOS moduli (G′ and G″) and four

MAOS moduli (first- and third- harmonic) for the PS

solutions listed in Table 1. Polymer solutions were clas-

sified as unentangled or entangled. First, we present MAOS

moduli of PS100_30 and PS300_40 for unentangled solu-

tions and entangled solutions, respectively. Additionally,

we also showed master curves of intrinsic-nonlinear param-Q0 Q0

Q0 Q0

Fig. 2. (Color online) Giesekus model predictions for the two SAOS moduli and the four MAOS moduli. The solid and dashed lines

indicate positive and negative values, respectively.  is always negative, but the other moduli change sign on increasing frequency.

The nonlinear parameter  affects absolute magnitude, curve shape, and zero-crossing position.

G31
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eters (Q0, , and ) for these two solutions. It should

be noted that experimental observations of polymer solu-

tions might be applicable to monodisperse linear melt

chains due to the universality in polymer dynamics (Cos-

tanzo et al., 2016; Song et al., 2017a).

4.3.1. Four MAOS moduli

The two SAOS moduli and four MAOS moduli of

PS100_30 and PS300_40 are presented in Fig. 4. The low-

frequency behavior of both solutions followed typical ter-

minal scaling laws (G′  ω2, G″  ω1,   ω4,  

ω3,  
 ω4, and   ω3) predicted by fourth-order

fluid expansion (Bharadwaj and Ewoldt, 2014). First-har-

monic MAOS moduli are always negative for unentangled

and entangled solutions within experimental windows,

which indicates that polymer solutions generally display

LAOS type Ⅰ (i.e., strain thinning) behavior (Hyun et al.,

2002). Song and Hyun (2018) divided the third-harmonic

MAOS plot into four regimes using the sign information

of first- and third-harmonic MAOS moduli. These four

regimes are indicated in Fig. 4 for unentangled (PS100_30)

and entangled (PS300_40) solutions. In regime Ⅰ (  < 0,

Q0 Q0

G31
 G31

G33
 G33

G33


Fig. 3. (Color online) Analytical (a) Q0, (b) elastic Q0 ( ), and (c) viscous Q0 ( ) plotted as functions of De for the models in Tables

2 and 3. In the Pom-Pom model and the semi-empirical model, Z is the number of backbone entanglements. The semi-empirical model

provides predictions for Q0 only.

Q0 Q0

Table 3. Analytical Q0 equations from literatures.

Constitutive model Analytical Q0 Applications References

White-Mezner (WM) with 

Carreau viscosity

General Complex 

fluids

Merger et al. (2016)

Giesekus
Gurnon and Wagner 

(2012)

Corotational Maxwell (CRM) Giacomin et al. (2011)

Separable K-BKZ Giacomin et al. (1993)

Dilute rigid dumbbell without 

hydrodynamic interaction

Dilute polymer 

solution
Bird et al. (2014)

Doi-Edwards with independent 
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 < 0), intercycle strain softening and shear thinning are

driven by a large instantaneous strain rate. In regime Ⅲ

(  > 0,  > 0), they are driven by large instantaneous

strain. In regimes Ⅱ and Ⅳ, both strain and strain rate

contribute to intercycle nonlinearity. The driving sources

in regime Ⅱ (  < 0,  > 0) are a large instantaneous

strain rate for  and a large instantaneous strain for .

Conversely, the driving sources in regime Ⅳ (  > 0, 

< 0) are a large instantaneous strain for  and a large

instantaneous strain rate for .

The two first-harmonic MAOS moduli displayed termi-

nal scaling behavior in regime Ⅰ (| | < | |), that is, the

viscous part is larger than the elastic part. As the absolute

magnitudes of these moduli increased with increasing fre-

quency, they crossed over in regime Ⅱ and exhibited a pla-

teau in regime Ⅳ after transition in regime Ⅲ.

All model predictions showed a terminal interrelation-

ship between first- and third-harmonic MAOS moduli as

 =  and  = 3  (Bharadwaj and Ewoldt, 2014;

Song and Hyun, 2019). Song and Hyun (2019) calculated

G33

G33
 G33

G33
 G33

G31
 G31

G33
 G33

G31


G31

G31
 G31

G31
 G33

 G31 G33

Fig. 4. (Color online) Two SAOS (G′ and G″) and four MAOS moduli master curves of PS100_30 (unentangled, left figures) and

PS300_40 (entangled, right figures) as a function of frequency at Tref = 22 °C. (a, b) SAOS moduli (c, d), first-harmonic MAOS moduli,

and (e, f) third-harmonic MAOS moduli. For MAOS moduli, filled and unfilled symbols indicate positive and negative values, respec-

tively. Four regimes were determined based on sign changes of first- and third-harmonic MAOS moduli (Song and Hyun, 2018; Song

and Hyun, 2019).
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/  and /  from experimental data of PS solu-

tion sets, and found /  = 1.17 ± 0.20 and /  =

3.28 ± 0.53, which confirmed the terminal-regime interre-

lation. The high-frequency limit of /  was obtained

as 22.26 ± 4.35.

4.3.2. Intrinsic nonlinearity from FT rheology

Intrinsic nonlinearity Q0 (a combined parameter of 

and ) of PS100_30 and PS300_40 are plotted in Fig. 5.

At low frequencies, both solutions complied with the typ-

ical terminal scaling law (Q0  ω2,   ω3,   ω2, and

tan δ3,0  ω1). However, at high frequencies, the unen-

tangled solution displayed a Q0 plateau, whereas the entan-

gled solution showed a decreasing Q0. This different behavior

is better understood when  and  are represented as

functions of frequency.  and  are also divided into

four regimes due to sign changes of third-harmonic MAOS

moduli. In regime Ⅲ, positive  values of the unentan-

gled solution increased sharply and then showed plateau

(Fig. 5c), whereas  values of the entangled solution

increased sharply and then decreased (Fig. 5d). For the

unentangled solution, the maximum positive value of 

was similar to the plateau value of , but the maximum

 value of the entangled solution was higher than all

G31
 G33

 G31 G33

G31
 G33

 G31 G33

G31
 G33



Q0

Q0

Q0 Q0

Q0 Q0

Q0 Q0

Q0

Q0

Q0

Q0

Q0

Fig. 5. (Color online) Intrinsic-nonlinear master curves of PS100_30 (unentangled) and PS300_40 (entangled) as a function of fre-

quency at Tref = 22 °C. For intrinsic-nonlinear measures, filled and unfilled symbols indicate positive and negative values, respectively.

Four regimes are determined in intrinsic-nonlinear master curves based on sign changes. Reproduced by permission of Song and Hyun

(2018), copyright of The Society of Rheology.
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positive  values. Thus, the reason for the different Q0

behavior of unentangled and entangled solutions was as

follows: For the unentangled solution, Q0 showed a pla-

teau due to the plateau behavior of  and the same max-

imum  as positive  plateau, and for the entangled

solution, Q0 decreased due to decreasing  and because

maximum  was greater than .

Maximum Q0 (≡ Q0,max) is a representative parameter of

Q0 master curves (Cziep et al., 2016; Hyun and Wilhelm,

2009; Song et al., 2017a). Figures 5c and 5d show that at

the point corresponding to Q0,max,  has a positive local

maximum, and that simultaneously  displays a local

minimum in log-log plots of absolute values. In an ideal

case,  might become zero at Q0,max because it should be

a continuous function according to an extended version of

the Boltzmann superposition principle (Davis and Macosko,

1978). As a result, Q0,max would be fully explained by .

However, it is difficult to measure convergence of  to

zero due to the specified low-torque limits of rheometers.

Thus, we determined experimental Q0,max value as the

value that corresponds to local minimum of absolute val-

ues of . In other words, Q0,max was obtained when 

(viscous contribution) was maximized and  (elastic

contribution) disappeared in the frequency domain. Song

et al. (2017a) showed that Q0,max increased as a function of

the effective entanglement number of solutions, and this

increment was also explained by increase in  maxi-

mum.

Song and Hyun (2018) plotted  and  master curves

as a function of Deborah number (De ≡ aTωτL, where τL is

linear viscoelastic terminal relaxation time) for unentan-

gled and entangled solutions. Dimensionless plots for

unentangled solutions are presented in Fig. 6. The intrinsic

nonlinearities of unentangled solutions were perfectly

superimposed without further normalization. This indi-

cates that third-harmonic intrinsic nonlinearities of unen-

tangled solutions are generated in proportion to linear

viscoelastic properties, which is also true for first-har-

monic intrinsic nonlinearities [see Fig. 5 in Song and Hyun

(2019)]. Sign change positions of  and  coincided

for unentangled solutions.  changed its sign at De ~

0.56, and  displayed a low-frequency change at De ~

0.16 and a high-frequency change at De ~ 3.27. As a

result, tan δ3,0 showed three transition points. However,

due to an insufficient number of points, the position of the

high-frequency sign change may not be accurate.

Dimensionless plots for entangled solutions are presented

in Fig. 7. Intrinsic nonlinearities were further normalized

using their positive maximum values because measures

increased as a function of entanglement number (Zsol).

Mismatches between measures of each solution were

observed at De > 1 in  and tan δ3,0. In particular, the

Q0
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Fig. 6. (Color online) Intrinsic-nonlinear master curves of unentangled solutions as a function of De. Filled and unfilled symbols indicate

positive and negative values, respectively. Q0 data were obtained from Song et al. (2017a). Reproduced by permission of Song and Hyun

(2019), copyright of the Society of Rheology.
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second sign change position at high De changed remark-

ably. Song and Hyun (2018) plotted De at the sign change

position as a function of Zsol. The De of  depended

weakly on Zsol [De ~ (Zsol)0.27]. The low-De transition of

 was also weakly dependent on Zsol [De ~ (Zsol)0.44].

However, the high-De transition of  was highly depen-

dent on Zsol [De ~ (Zsol)2.62] [see Fig. 6 in Song and Hyun

(2018)]. This strong scaling dependence of the high-De

transition of  reflected different entanglement densities

in solutions. Chain entanglements significantly affect lin-

ear and nonlinear rheological properties. For instance, the

terminal zone of SAOS moduli moves to the lower De

side as chains become more entangled, which results in a

wider rubbery plateau region (Likhtman and McLeish,

2002; Onogi et al., 1970). Similarly, regime Ⅲ (defined in

Figs. 5e and 5f) became wider as the entanglement num-

ber increased. Song and Hyun (2018) concluded that 

better reflected the effects of different relaxation processes

(Fig. 7b). Furthermore, Song and Hyun (2018) empha-

sized that Q0 framework, normalization of third-harmonic

MAOS moduli with respect to complex modulus |G*|, has

merit in analyzing relaxation processes generated in poly-

mer chains with different architectures (e.g., linear, star,

and comb) because the magnitude of third-harmonic

MAOS moduli generated is related, to some extent, to the

magnitude of linear response. Plotting Q0,max versus Zsol

produced a new master curve [see Fig. 13 of Song et al.

(2017a)], which characterized effective entanglement den-

sities in PS solutions. Furthermore, this master curve sug-

gested possible universality in polymer dynamics between

solutions and melts in the MAOS regime. In addition,

their findings showed that Q0 is sensitive to characteristic

relaxation processes associated with polymer chain motion.

In this respect, Q0 may be more useful than dimensional

third-harmonic MAOS moduli.

4.3.4. Model predictions for entangled polymer solu-

tions

In the Section 4.2, we showed that various constitutive

models can predict Q0 behavior. Here, we compared

experimental data of PS300_40 (entangled) with predic-

tions of single-mode MSF and Pom-Pom models. In the

MSF equation, the nonlinear parameters α and β were set

as 5/21 and 1, respectively, which are typical values for

monodisperse linear chains (Abbasi et al., 2013). In the

Pom-Pom equation, the model entanglement number was

set as the same as that of PS300_40. The MSF model gave

good predictions for  and tan δ3,0 until regime Ⅲ, but

predicted higher  values at De > 1 (Fig. 8a). In contrast

to decreasing experimental , the model  showed a

Q0

Q0

Q0

Q0

Q0

Q0

Q0

Q0 Q0

Fig. 7. (Color online) Intrinsic-nonlinear master curves of entangled solutions as a function of De. , , and Q0 values were nor-

malized versus their positive maximum values. Filled and unfilled symbols indicate positive and negative values, respectively. The inset

in (b) shows changes in  values of PS300 series solutions. Q0 data were obtained from Song et al. (2017a). Reproduced by per-

mission of Song and Hyun (2019), copyright of the Society of Rheology.
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plateau behavior, which also resulted in the plateau of Q0

(Fig. 8c). In addition, the MSF model failed to capture any

behavior in regime Ⅳ (negative  and tan δ3,0). On the

other hand, the Pom-Pom model defined the four regimes

of tan δ3,0, but gave poor predictions at De > 1 for all mea-

sures, that is, drastic decreases in  and Q0, an earlier

sign change of  from positive to negative, and a nar-

rower regime Ⅲ.

It is generally accepted that single-mode model predic-

tion inadequately describes experimental results, and thus,

the multimode MSF model was applied to the MAOS

modeling to improve prediction. Initial success of the mul-

timode MSF model was obtained for third-harmonic non-

linearity (Q0) predictions by Wagner et al. (2011). Two

assumptions can be used for multimode MSF predictions.

The all relaxation mode assumption is that all discrete (or

continuous) relaxation sets contribute to the onset of non-

linearity in the MAOS regime. However, under the ter-

minal relaxation mode assumption, relaxation sets with

time scales longer than Rouse time contribute to MAOS

nonlinearity. Recently, Song and Hyun (2018) suggested a

new time criterion for terminal relaxation mode called

inflection time, which is determined at the inflection point

of tan δ3,0 in regime Ⅲ (Fig. 5f). Figure 9 shows multi-

mode MSF predictions for PS300_40 under all relaxation

and terminal relaxation modes. The values of the two non-

linear parameters (α and β) were fixed at 5/21 and 1 for

monodisperse linear polymer chains (Cziep et al., 2016;

Song and Hyun, 2018; Song and Hyun, 2019; Song et al.,

2016; Wagner et al., 2011). Figure 9 shows that the all

relaxation mode assumption predicted the overall level

and terminal behavior of intrinsic-nonlinear measures.

However, it failed to predict decreases in all measures at

De > 1. On the other hand, the terminal relaxation mode

assumption quantitatively captured decreasing trends of

, , and Q0. Importantly, multimode MSF modeling

only succeeded within time scales between Rouse and ter-

minal relaxation times. Although the model still failed to

predict the second negative values of  and tan δ3,0 at

high De, the terminal relaxation mode resulted in better

predictions of third-harmonic nonlinearity than all relax-

ation modes.

However, the opposite situation was observed for first-

harmonic MAOS moduli. Figure 10 shows a comparison

of experimental first-harmonic MAOS moduli and multi-

mode MSF predictions for PS300_40. The all relaxation

mode assumption provided good prediction, but the ter-

minal relaxation mode assumption incorrectly predicted

the viscous part at high frequency. Song and Hyun (2019)

concluded from prediction results that the four MAOS

moduli cannot be modeled simultaneously using the mul-

timode MSF model. Currently, there is no report on a con-

Q0

Q0

Q0

Q0 Q0

Q0

Fig. 8. (Color online) Comparison between experimental data for PS300_40 and MSF and Pom-Pom model predictions. Filled symbols

and solid lines indicate positive values, and unfilled symbols and dashed lines indicate negative values. The square point in (d) rep-

resents inflection time obtained from the Pom-Pom model. Reproduced by permission of Song and Hyun (2019), copyright of the Soci-

ety of Rheology.
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stitutive model that can model all four MAOS moduli

over the entire frequency range. Therefore, further study is

required to evaluate the predictability of various constitu-

tive models.

Fig. 9. (Color online) Multimode MSF predictions for intrinsic-nonlinear measures of PS300_40. Filled symbols and solid lines indicate

positive values and unfilled symbols and dashed lines negative values. Reproduced by permission of Song and Hyun (2019), copyright

of the Society of Rheology.

Fig. 10. (Color online) Multimode MSF predictions for (a) first-harmonic MAOS moduli and (b) third-harmonic MAOS moduli of

PS300_40. Filled symbols and solid lines indicate positive values. Unfilled symbols and dashed lines indicate negative values.
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4.3.5. Pipkin diagram

Because oscillatory shear stress response is controlled

by two input variables (strain amplitude 0 and frequency

ω), it is natural to draw two-dimensional map as a func-

tion of 0 and ω, called Pipkin space (Pipkin, 1986). The

first Pipkin space was constructed to investigate the max-

imum strain limit of linear viscoelastic response (Astarita

and Jongschaap, 1978; Gross and Maxwell, 1972; Jongschaap

et al., 1978). Since MAOS rheology flourishes with the-

oretical and experimental advances, Pipkin space has been

mapped to characterize the nonlinear responses of mate-

rials (Ewoldt and Bharadwaj, 2013; Martinetti and Ewoldt,

2019).

However, it is difficult to draw full Pipkin space because

LAOS stress response is described by an infinite number

of moduli. For instance, four different Pipkin spaces can

be drawn for each MAOS modulus. Thus, various criteria

have been used in literatures. Pearson and Rochefort (1982)

used strain amplitudes at which first-harmonic Fourier

moduli (  and ) have fallen 5% below SAOS moduli.

Chang et al. (2015) used equation parameters obtained by

fitting a Carreau-Yasuda-type equation to  and .

Chang et al. (2016) obtained Pipkin space for third-har-

monic intrinsic nonlinearity by using strain amplitudes at

which the I3/1 signal starts to increase.

Recently, Ewoldt and Bharadwaj (2013) suggested that

the boundaries between linearity and nonlinearity are

determined by interpreting intrinsic Chebyshev material

functions as critical amplitudes that will generate nonlin-

earity. We also determined critical strain amplitudes for PS

solutions using MAOS moduli, as described by Ewoldt

and Bharadwaj (2013). First-harmonic Fourier moduli in

Eq. (5) are divided by SAOS moduli [ (ω) and (ω)]

as follows

 (15)

In Eq. (15), the transition from linear to nonlinear

regime is determined by the second term. When the two

first-harmonic MAOS moduli are normalized by SAOS

moduli, we have two criteria as follows:

.  (16)

Ewoldt and Bharadwaj (2013) chose ε = 0.001 (1%

deviation from linear viscoelasticity) for the SAOS limit

(boundary between SAOS and MAOS) and ε = 0.1 (10%

deviation from linear viscoelasticity) for the MAOS limit

(boundary between MAOS and LAOS). These ε values

are somewhat arbitrary. For instance, Hyun and Wilhelm

(2018) suggested a critical strain amplitude for the bound-

ary between SAOS and MAOS at I3/1 = 0.05% based on

third-harmonic MAOS moduli. However, we used ε = 0.1

because ε shifts the boundary only vertically and the fre-

quency dependence of boundary shape is dependent on

MAOS and SAOS moduli. Furthermore, the boundary

between MAOS and LAOS is clearer than the boundary

between SAOS and MAOS due to less experimental

noise. Therefore, the critical strain amplitudes (  and

) are given as follows:

,  (17)

.  (18)

Figure 11 shows Pipkin space for all PS solutions listed

in Table 1. To compensate for the effect of an inhomoge-

neous flow field in parallel-plate geometry, critical strain

amplitudes need to be shifted vertically using a MAOS

shift factor of 1.5 (Song et al., 2017b). Thus, the critical

strain amplitudes obtained were multiplied by a factor of

0.82 [= (1/1.5)0.5]. All data constructed a master curve

when the frequency was reduced by the terminal relax-

ation time, regardless of entanglement state. At high De,

both critical strain amplitudes were approximately con-

stant, indicating that nonlinearity was controlled by strain.

However, they scaled as   De1 at low De, indicating

that nonlinearity was controlled by strain rate. This inter-

pretation is consistent with the prediction by the Coleman-

Noll class of “simple fluids” (Martinetti and Ewoldt, 2019).

Critical strain amplitudes were fitted using the empirical

equation:  = |A(1 + BDe2)/De2|0.5. The resultant equa-

tions are

,  (19)

.  (20)

These equations describe two Pipkin spaces qualitatively

(Fig. 11).  was always located below , indicating

that for first-harmonic nonlinearities, elastic nonlinearity

always arises before the onset of viscous nonlinearity.

Thus,  was more sensitive than  to linear-to-non-

linear transitions.

We compared experimental values with single-mode

predictions of the separable K-BKZ, White-Metzner (WM),

and Giesekus models. Analytical critical strain amplitudes

of the models were obtained using MAOS analytical solu-

tions. From separable the K-BKZ model (Giacomin et al.,

1993),

,  (21)
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.  (22)

From the WM model combined with Carreau viscosity

(Merger et al., 2016),

,  (23)

.  (24)

From the Giesekus model (Gurnon and Wagner, 2012),

,  (25)

. (26)

Figure 12 displays the model predictions of Eqs. (21)-

(26). The three models exhibited parameter-dependent lin-

ear-to-nonlinear transitions. Nonlinear parameters shifted

the boundary vertically. Especially, the Giesekus model

parameter () affected boundary shape. We set parameter

values as a = 29/210 for the separable K-BKZ model and

as c =  = 0.5 for the WM and Giesekus models. The sep-

arable K-BKZ model gave a qualitative prediction for

experimental data whereas the other models displayed an

infinite  value at the sign change location of . In

particular,  of the WM model converged to zero at

infinite De. For a quantitative comparison, we used the

limiting behaviors of  and  at zero and infinite De.

The limiting behaviors of these three constitutive models

and of experimental data are summarized in Table 4. At

the zero De limit, experimental  was twice as large as

experimental , and at the infinite De limit, /  of

experimental data was 1.62. Though all models predicted

scaling behavior at zero and infinite De correctly, the

value /  was model-specific. The separable K-BKZ

model gave the relationship between  and  as 

= . On the other hand, the limiting values of the

Giesekus model were parameter-dependent. Naturally, all

single-mode predictions failed to give quantitative predic-

tions for Pipkin space. Considering that the multimode

MSF model successfully predicted first-harmonic MAOS
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Fig. 11. (Color online) Critical strain amplitude as a function of De (Pipkin space) based on (a) first-harmonic elastic MAOS modulus

and (b) first-harmonic viscous MAOS modulus for all PS solutions. All values were shifted vertically using a correction factor of 0.82.

The red lines present empirical equations [Eqs. (19) and (20)].

Fig. 12. (Color online) Critical strain amplitude as a function of De (Pipkin space) based on (a) first-harmonic elastic MAOS modulus

and (b) first-harmonic viscous MAOS modulus for the three constitutive models. The limiting behavior of the models are shown in the

figure.
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moduli (Song and Hyun, 2019), we speculate that multi-

mode predictions can also quantitatively predict linear-to-

nonlinear transitions.

6. Conclusions

MAOS is defined as a regime intermediate between the

SAOS and LAOS regimes. In the MAOS regime, stress

response can be characterized by two SAOS moduli (G′

and G″) and four MAOS moduli (two first-harmonic mod-

uli  and , and two third-harmonic moduli  and

). In contrast to the LAOS regime, there are only four

nonlinear moduli in MAOS regime.

In this study, we reviewed recent theoretical and exper-

imental results of nonlinear material functions in the

MAOS regime. The four MAOS moduli are derived from

Fourier and power series of shear stress. We summarized

recent MAOS analytical solutions derived from various

constitutive equations. In addition, we reviewed intrinsic-

nonlinear material functions ( , , and Q0) derived

from Fourier-transform rheology (FT rheology). Q0 can be

decomposed into elastic and viscous parts (  and ).

The intrinsic-nonlinear material functions ( , , and

Q0) obtained in the MAOS regime are equivalent to SAOS

material functions (G′, G″, and |G*|), and thus, these

parameters can be used to quantify MAOS behavior of

complex fluids.

As model systems, polymer solutions (unentangled and

entangled) were analyzed using the four MAOS moduli

and Q0. Experimental results of entangled polymer solu-

tions were compared with molecular-based constitutive

equations. It was found that under two different assump-

tions (the all relaxation and terminal relaxation assump-

tions), the multimode MSF model predicted overall

experimental results. However, the model failed to predict

all four MAOS moduli simultaneously. Nevertheless, no

report has claimed that any constitutive model can model

all four MAOS moduli over the entire frequency range.

Therefore, further study is required to evaluate predict-

ability of various constitutive models.

Using the two first-harmonic MAOS moduli, we calcu-

lated critical strain amplitudes (  and ) delineating

linear-to-nonlinear transitions in stress responses of PS

solutions. The  and  values of solutions superposed

onto master curves when plotted as a function of De. In

addition,  and  followed the scaling behavior pre-

dicted by the simple-fluid theory of Coleman and Noll (

 De1 at low De and   De0 at high De). In addition,

we obtained two empirical equations that describe the lin-

ear-to-nonlinear transitions of monodisperse linear chains.

Taken together, MAOS material functions can be useful

for analyzing complex fluids as well as polymers. Material

microstructures have been investigated using MAOS

material functions, e.g., the topology effect in branched

polymers (Abbasi et al., 2013; Kempf et al., 2013; Song

et al., 2016), nanoparticle dispersity in polymer nanocom-

posites (Hyun et al., 2012; Lim et al., 2013), compatibi-

lizer effects on droplet size in polymer blends (Salehiyan

et al., 2015; Salehiyan et al., 2016), and transient polymer

networks (Martinetti et al., 2018). We believe that MAOS

material functions will provide additional information on

the material structures of complex fluids that cannot be

accessed by SAOS material functions.
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