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Many researches have studied the viscoelasticity of cellulose/ionic liquid solutions through the conventional
scaling rules which assume the monodisperse polymer. However, they are not suitable for cellulose since
natural polymers such as cellulose have molecular weight distribution. In this paper, dynamic rheological
behaviors of 1-ethyl-3-methyl imidazolium acetate solutions dissolving three kinds of celluloses were mea-
sured in a large range of concentrations from the dilute regime to the entangled semidilute regime at 25°C.
We compared the viscosity-fitting scaling (Chen et al., 2011) and the phenomenological scaling to replace
the conventional scaling. Two scaling methods were applied to the linear viscoelasticity of the cellulose
solutions with different molecular weights and molecular weight distributions. The results of each scaling
were compared by the superposition of master curves obtained from each scaling. The effects of molecular
weight distribution were observed by the dependence of the scaling factors on concentration and molecular
weight of cellulose.
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1. Introduction

1.1. Cellulose solution
Cellulose, a natural polymer, has the potential to replace

many synthetic polymers because of its low cost, high

heat resistance, and excellent mechanical strength as well

as its abundant quantity worldwide. However, application

of cellulose has limited due to its high degree of hydrogen

bond and crystallinity which make a difficulty in dissolv-

ing it by conventional solvents. Compared to common sol-

vents for polymer, conventional solvents for cellulose

have powerful ionic strength. Such solvents are LiCl/1,3-

dimethyl-2-imidazolidinone (DMI), LiCl/N-methyl-2-pyr-

rolidine (NMP), ammonium fluorides/dimethylsulfoxide

(DMSO), LiCl/N,N-dimethylacetamide (DMAc), DMSO/

paraformaldehyde (PF), molten salt hydrates including

LiClO4·3H2O, and aqueous solutions of metal complexes.

These solvents are generally toxic and require very harsh

conditions during dissolution (Zhu et al., 2006). The N-

methylmorpholine-N-oxide monohydrate (NMMO)/H2O

system is almost the only successful solvent in industri-

alization among them. However, it causes the degradation

of cellulose and the side reaction without addition of anti-

oxidant since it dissolves cellulose at high temperature. Of

course, high cost is one of its disadvantages, either (Zhang

et al., 2005).

Ionic liquids consist of a large cation containing nitro-

gen atoms and a small counter anion. Such a structure

lowers their melting temperature by reducing the crystal

lattice energy. Thus, they have high solubility due to their

strong ionic strength (Seddon, 1996). The ionic liquids not

only overcome the disadvantage of the NMMO/H2O sys-

tem but also have many advantages such as immeasurably

low vapor pressure and excellent chemical and thermal

stability. These merits of ionic liquid allow easier recycle

process. Therefore, they are called as a green solvent.

Since Swatloski et al. (2002) introduced the suitability

of ionic liquids for dissolving cellulose, many researchers

have attempted to understand the viscoelastic behaviors of

cellulose/ionic liquid solutions in order to find the optimal

conditions for fiber spinning process. The initial studies

were on the measurement of viscoelastic properties by

changing the type of ionic liquid, the dissolution method,

the dissolution temperature, and the concentration of cel-

lulose (Chen et al., 2009; Collier et al., 2008; Gericke et

al., 2009; Kosan et al., 2008; Kosan et al., 2010; Lu et al.,

2011; Maeda et al., 2013; Sammons et al., 2008; Ses-

cousse et al., 2010; Song et al., 2010; Xia et al., 2014).

Furthermore, these efforts continued to the studies on pre-

diction of viscoelasticity of the cellulose/ionic liquid solu-

tion through the scaling theory of polymer solution (Chen*Corresponding author; E-mail: polphy@knu.ac.kr
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et al., 2011; Haward et al., 2012; Kuang et al., 2008; Lu

et al., 2013; Lv et al., 2012; Wang et al., 2014).

1.2. Scaling theory of polymer solution
It is well-known that a solution of a flexible chain of

synthetic polymer can be classified into dilute, unentan-

gled semidilute, entangled semidilute, and concentrated

regimes depending on the concentration (Rubinstein and

Colby, 2003). When the concentration is below the over-

lap concentration, it belongs to the dilute region, where

the specific viscosity is proportional to the concentration

and the viscoelasticity of the solution obeys the Zimm

model. When the concentration is between the overlap

concentration and the entanglement concentration, the

specific viscosity is proportional to the square of the con-

centration and the viscoelasticity conforms to the Rouse

model. If the concentration is above the entanglement con-

centration and the volume fraction is less than 0.1, the spe-

cific viscosity follows the power-law dependence on

concentration with the exponent of 4.7 and the viscoelas-

ticity is reliant on the reptation mode because of the occur-

rence of entanglements. Therefore, the viscoelasticity of

the entangled semidilute solution is known to be similar to

the polymer melt, but when the volume fraction is above

0.1, the exponent for the θ solution decreases to 3.9 and

the good solution is indistinguishable from the entangled

semidilute solution (Colby et al., 1991).

Kuang et al. (2008) measured the viscoelasticity of cel-

lulose/1-allyl-3-methylimidazolium chloride ([AMIM]Cl)

solution with various concentrations and compared the

scaling exponent of the zero-shear viscosity to the con-

centration. After dividing the range of concentration into

dilute and semidilute regimes, they tried to find out the

polymer chain model which explains the viscoelastic char-

acteristics well. In the dilute and entangled semidilute

regime, the scaling exponents were obtained as 1 and 4.6,

respectively. However, the viscosity was not proportional

to the square of the concentration in the unentangled semi-

dilute regime. In the dilute regime, the hybrid model com-

bining the Zimm model with the elongated rod-like model

was followed. In the unentangled semidilute regime, the

solution showing the Zimm-like behavior at first was

gradually transferred to the Rouse-like behavior as the

content of cellulose increased. In the steady shear test, the

shear thinning appeared twice and as a result, they insisted

that one of them was originated from an ionic liquid.

Hence, they considered the ionic liquid as a viscoelastic

fluid.

Haward et al. (2012) prepared pulp/1-ethyl-3-methylim-

idazolium acetate ([EMIM]Ac) solutions with various

concentrations and measured shear and elongational rhe-

ological properties. As a result of the small-amplitude-

oscillatory shear (SAOS) test, the scaling exponent of spe-

cific viscosity for concentration was not obtained at 1, 2,

and 4.6 in each range of concentration. They also con-

firmed that the dynamic moduli of solutions with different

concentrations were superposed against the frequency by

horizontal shifts. However, the scaling theory on solutions

of flexible synthetic polymer is known to show vertical

shifts dependent on the concentration in this region, either.

The superposed dynamic moduli in the high-frequency

region were proportional to the frequency to the power of

3/4, suggesting that cellulose is a semiflexible polymer

rather than a linear flexible polymer (Morse, 1997).

In order to reduce the solvent viscosity, the inherent

weakness of ionic liquid, Lv et al. (2012) and Wang et al.

(2014) dissolved cellulose in ionic liquid/DMSO system:

[AMIM]Cl, 1-butyl-3-methylimidazolium chloride

([BMIM]Cl), and 1-ethyl-3-methylimidazolium chloride

([EMIM]Cl) as solvents and DMSO as a co-solvent. Lv et

al. (2012) reported that both the cellulose/[AMIM]Cl/

DMSO solution and the cellulose/[BMIM]Cl/DMSO solu-

tion are the θ solutions. It was because the scaling expo-

nents of specific viscosity, relaxation time, and the plateau

modulus (Ge) are obtained respectively 4.4, 2.1, and 1.0 in

the semidilute regime. In the results of Wang et al. (2014),

the scaling exponent of the specific viscosity with respect

to concentration was obtained as 1.1, 2.1, and 4.7 in each

concentration range. This result implies that the cellulose/

[EMIM]Cl/DMSO solutions are the θ solutions. In addi-

tion, according to them, the increase of DMSO did not

change the structure of entanglement network in solutions

because the concentration of DMSO did not affect both

the plateau modulus and the ratio of the reptation relax-

ation time to the entanglement relaxation time (rep/e).

Lu et al. (2013) measured the viscoelasticity of α-cel-

lulose/[EMIM]Ac solution and compared the dependence

of the specific viscosity on the concentration in the dilute/

unentangled semidilute/entangled semidilute regimes. For

the dilute and unentangled semidilute regimes, the char-

acteristic relaxation times were obtained and the reduced

dynamic moduli of solutions with different concentrations

were superposed on each other to confirm the Zimm-like

behavior and the Rouse-like behavior, respectively. In the

entangled semidilute regime, they analyzed the depen-

dence of the plateau modulus on the concentration. They

determined the plateau modulus from the discrete relax-

ation time spectrum which is determined by unknown

algorithm. The determination of plateau modulus requires

the existence of the local maximum and minimum of loss

modulus (Rubinstein and Colby, 2003). However, their

loss moduli show neither local maximum nor local min-

imum because of polydispersity of -cellulose.

The scaling rules were derived from molecular theories

under the assumption of monodisperse polymer. They

reveal the dependence of both the characteristic time (such

as the Rouse time or the reptation time) and the charac-

teristic modulus (such as the plateau modulus, Ge) on con-
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centration and molecular weight of the polymer dissolved

in. However, since cellulose has a molecular weight dis-

tribution (MWD), Lu et al. (2013) determined the plateau

modulus through the discrete relaxation time spectrum,

but there is no exact method to obtain the plateau modulus

from the experimental data with wide MWD. In addition,

the discrete relaxation time spectrum is known to give dif-

ferent results depending on the calculating algorithm (Bae

and Cho, 2016; Malkin and Masalova, 2001). The char-

acteristic modulus, which can be determined from exper-

imental data regardless of the MWD, is the inverse of

steady state compliance. From now, we will call this the

mean modulus (Gm). Colby et al. (1991) showed that

 for the monodisperse polymer solutions of

various concentrations. However, this relation must not

hold in a polymer solution with a MWD. Because steady

state compliance is strongly influenced by the MWD

(Dealy and Larson, 2006).

Chen et al. (2011) measured the viscoelasticity of

α-cellulose/[BMIM]Cl solutions with various concentra-

tions (c). Because the plateau modulus is meaningless

for polydisperse solutions, they chose the characteristic

modulus as the ratio of the zero-shear viscosity to the ter-

minal relaxation time. They found that their modulus is

proportional to c2.3 just as the plateau modulus of mono-

disperse solution. It is remarkable that since their SAOS

data do not show fully developed terminal behavior

(  and ), they adopted the Carreau model

(* = o/(1 + 22)) to determine the terminal relaxation

time (τ) from the complex viscosity (*). Hence, their

characteristic modulus ( ) is not the inverse of the

steady state compliance (the mean modulus, Gm).

According to the phenomenological theory, mean relax-

ation time and mean modulus can be obtained from the

data in the terminal region and, in the case of mono-

disperse samples, these two phenomenological scaling

factors can be simply obtained by multiplying some con-

stants to the scaling factors originated from the molecular

theory (Colby et al., 1991). However, there is no exact

method for obtaining the plateau modulus of polydisperse

polymer solutions. In this paper, we studied the scaling by

the mean relaxation time and the mean modulus using

experimental data of polydisperse polymer solutions and

investigated the dependence of them on the concentration

and the molecular weight.

2. Scaling Theory

2.1. Monodisperse scaling
The linear viscoelastic behavior of polymer solutions

depends on the concentration and the molecular weight of

the polymer in solution. When the polymer solution is

dilute, each chain exists in isolation. As the amount of

polymer increases, the isolated polymer chains gradually

become closer and closer, and eventually overlapped.

When the polymer is added more, entanglements are

formed among them. After that, when the concentration

increases by more than a certain amount, the polymer

chains do not dissolve in solvent anymore and becomes

swollen by penetration of solvent molecules, rather. Based

on such kinetic changes in polymer solutions, the volume

fractions at which the polymer chains start to be over-

lapped, entangled and swollen are called the overlap vol-

ume fraction (ϕ*), the entanglement volume fraction (ϕe),

and the swelling volume fraction (ϕs), respectively. When

ρm is the density of monomer, the relation that c = m

enables us to use the overlap concentration (c*), the entan-

glement concentration (ce) and the swelling concentration

(cs) instead of ϕ*, ϕe, and ϕs. As mentioned above, since

the polymer solutions exhibit different viscoelastic behav-

iors based on these three concentrations, it is called the

“dilute regime” for the range that c < c*, the “unentangled

semidilute regime” for the range that , the

“entangled semidilute regime” for the range that

 and the “concentrated regime for the range that

. From now on, these four ranges of concentration

will be called as regime I, regime II, regime III, and

regime IV, respectively. For the θ solution, the polymer

solutions in regime I, II, and III are known to follow the

Zimm, Rouse, and reptation models, respectively. The rep-

tation model is known to be still effective in regime IV but

the scaling exponent is different from that of regime III

(Colby et al., 1991; Kuang et al., 2008; Regalado et al.,

1999). It is noted that these theoretical models were devel-

oped under the assumption of monodisperse polymer and

the MWD was not considered in them. Since the depen-

dence on concentration and molecular weight in each

model is implicit in the characteristic values, the visco-

elastic behavior of the polymer solution can be analyzed

by using them as scaling factors. The following relations

show us the dependence of each characteristic value on

concentration and molecular weight for the θ solution.

Regime I: the Zimm model

(1)

Regime II: the Rouse model

(2)

Regime III: the reptation model
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where c and M are the concentration and molecular weight

of the polymer, respectively, and o, c, Gc, and Ge are the

zero-shear viscosity, characteristic relaxation time, char-

acteristic modulus, and plateau modulus, respectively.

Ge(1) denotes the plateau modulus of the polymer melt

and  has a value of 0.5 for the θ solution. We will call

this scaling rule the monodisperse scaling. 

2.2. Consequences from the monodisperse scaling the-

ory
If the relaxation behavior of the polymer solution fol-

lows the same mechanism, it is expected that the dynamic

moduli will be superposed regardless of the concentration

and the molecular weight by non-dimensionalizing the

dynamic moduli and the frequency with the characteristic

modulus and the characteristic relaxation time. The math-

ematical expression is as follows:

(4)

where i denotes  and , , and  are frequency,

dimensionless storage, and loss moduli, respectively. Equa-

tion (4) is expected to be established when  at

least and there have been some researches on this (Haward

et al., 2012; Lu et al., 2013; Cho et al., 2015).

Colby et al. (1991) measured the viscoelasticity of mon-

odisperse polybutadiene (PB) in dioctyl phthalate (DOP)

as a θ solvent and phenyloctane (PHO) as a good solvent.

The results of the θ solutions are shown in Figs. 1a and 1c,

and Figs. 1b and 1d are those using the good solvent. We

extracted numerical data from the figures of Colby et al.

(1991) to compare various scaling methods which will be

introduced. Figure 1 shows the results of monodisperse

scaling applied to the PB solutions. In the case of the θ

solutions, the resulting plot of  against 

is expected to be superposed on the master curve irrespec-

tive of M and  since , while the good solutions

show the superposition of  with respect to 

(Colby, 2010). Figures 1a and 1b do not show the super-

position since the data include both the regime III and the
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Fig. 1. (Color online) The results of monodisperse scaling of PB/DOP solutions ((a) and (c)) and PB/PHO solutions ((b) and (d)). All

the plots have a volume fraction more than e and (c) and (d) show only the solutions in regime III (Colby et al., 1991). Open symbols

and filled symbols represent storage and loss moduli, respectively, and the color of symbols displays the difference in concentration.
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regime IV. Figures 1c and 1d show only the regime III,

which show better superposition. However, significant

deviations are still found in both the θ solutions and the

good solutions. Although  = 0.0621 of good solution

belongs to the regime III, the scaled dynamic moduli devi-

ate from the master curve. Thus it reveals that the classi-

fication of concentrations by specific viscosity may not be

consistent with dynamic data.

2.3. Viscosity-fitting scaling
Since the plateau modulus cannot be determined for

polydisperse solutions, Chen et al. (2011) attempted a new

scaling using the Carreau model as follows:

. (5)

They obtained the characteristic time () and zero-shear

viscosity (o) by the nonlinear regression of the complex

viscosity (*) using Eq. (5) and then used o/ as the char-

acteristic modulus. They named  and o/ as the terminal

relaxation time and the terminal modulus. From now on,

we will call this scaling method the viscosity-fitting scal-

ing. Figures 2a and 2b show the results applying the vis-

cosity-fitting scaling to the PB/DOP solutions and PB/

PHO solutions, respectively. The use of  and o/ sup-

ports the superposition of Eq. (4) irrespective of concen-

tration regimes. Note that the raw data of Fig. 2 are

identical to those of Fig. 1: The solutions of monodisperse

PB. Polydisperse index (PDI) less than 1.1 does not mean

the perfect monodispersity. Since the viscosity-fitting scal-

ing reflects the effect of MWD, the better superposition of

Fig. 2 is understood.

2.4. Phenomenological scaling
The plateau modulus for a monodisperse polymer is

defined as: 

(6)

where min means the frequency corresponding to the min-

imum of loss modulus (Cho, 2016; Colby et al., 1991). In

addition, Colby et al. (1991) found the relation between

plateau modulus and mean modulus from the experimen-

tal results.

(7)

where max is the frequency corresponding to the maxi-

mum of the loss modulus and the mean modulus is the

inverse of the steady state compliance. In general, how-

ever, both the maximum and the minimum of the loss

modulus are not observed in the polydisperse polymer.

Due to the influence of the MWD, the plateau region also

disappears in the storage modulus. Therefore, Eq. (6) can-

not be used in this case.

Lu et al. (2013) determined the plateau modulus by

obtaining the discrete relaxation time spectrum with the

generalized Maxwell model. However, the discrete relax-

ation time spectrum is not unique and depends on the

algorithm used (Bae and Cho, 2016). Hence, it is doubtful

that the plateau modulus determined by Lu et al. (2013)

obeys the monodisperse scaling rule of plateau modulus.

The low-frequency behavior of polymer can be charac-

terized by the mean relaxation time (m) and the mean

modulus (Gm) as in Eq. (8).
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Fig. 2. (Color online) The results of monodisperse scaling of (a) PB/DOP solutions and (b) PB/PHO solutions using o/ and  as scal-

ing factors (Colby et al., 1991). Open symbols and filled symbols represent storage and loss moduli, respectively, and the color of sym-

bols displays the difference in volume fraction.
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Since both are phenomenologically defined, we named

the scaling using them the phenomenological scaling. Fig-

ures 3a and 3b show the results applying the phenome-

nological scaling to the PB/DOP solutions and PB/PHO

solutions, respectively.

Figure 3 shows that the phenomenological scaling gives

the best superposition among the three scaling methods.

The phenomenological scaling was successfully applied to

various solutions of polydisperse polymers such as PVAc/

DMSO, PVA/DMSO, and PEO/water (Cho et al., 2015).

The concept of the phenomenological scaling is similar to

that of the viscosity-fitting scaling: use of scale factors

which can be determined for any viscoelastic fluid. The

viscosity-fitting scaling uses complex viscosity which

includes both loss and storage moduli. However, the con-

tribution of storage modulus to complex viscosity is much

smaller than that of loss modulus. Hence, use of dynamic

viscosity ( ) gives nearly the same results from

complex viscosity. On the other hand, the phenomenolog-

ical scaling emphasizes the effect of storage modulus

compared to the viscosity-fitting scaling because the mean

modulus is dominantly dependent on storage modulus and

the zero-shear viscosity on loss modulus. This difference

between the two scaling methods results in the difference

in the quality of superposition. One may not find the dif-

ference of superposition clearly because Figs. 2 and 3

were obtained from the solutions of nearly monodisperse

PB. If the two scaling methods are applied to the solutions

with wider MWD, the difference could be magnified. We

will apply the two scaling methods to cellulose solutions

which have wide MWD.

The relation between the plateau and mean moduli is not

valid for polydisperse polymers because the steady state

compliance is very sensitive to the MWD (Dealy and Lar-

son, 2006). Hence, we expect that the phenomenological

scaling will give better superposition.

3. Experiments

3.1. Materials
The 1-ethyl-3-methylimicazolium acetate ([EMIM]Ac)

was purchased from Sigma Aldrich. Three kinds of cel-

lulose were dissolved in the ionic liquid. One was the

microcrystalline cellulose (MCC) purchased from Sigma

Aldrich. Others were the pulps provided by Buckeye

Technologies and Hyosung Advanced Materials, respec-

tively. Degrees of polymerization (DPs) of the two cellu-

lose except MCC are roughly 850 and 1100, respectively.

From now on, the three celluloses will be named as C1,

C2, and C3 in order of increasing DPs.

N,N-dimethylacetamide (DMAc) suitable for liquid

chromatography was purchased from Macron Fine Chem-

icals in order to measure the MWDs of the three celluloses

by GPC. Anhydrous lithium chloride (LiCl) with a purity

of 98.2% and ethanol with a purity of 95.0% were pur-

chased from Daejung Chemicals and Samchun Chemicals.

All the reagents were used without additional purification

and LiCl was dried for 1 day under vacuum at 80℃ before

use. 

Average molecular weights and MWD of cellulose were

measured using GPC equipped with YL9100 HPLC sys-

tem of Young-Lin Instruments. The column used was

PLgel (polystyrene) 5 μm MIXED-D of Agilent and a cal-

ibration curve was obtained using pullulan polysaccha-

rides calibration kit of Agilent. Monodisperse poly-

saccharides in the kit have a range of DPs from 40 to

G  

Fig. 3. (Color online) The results of monodisperse scaling of (a) PB/DOP solutions and (b) PB/PHO solutions using Gm and m as scal-

ing factors (Colby et al., 1991). Open symbols and filled symbols represent storage and loss moduli, respectively, and the color of sym-

bols displays the difference in volume fraction.
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5000. An eluent of GPC was prepared by dissolving 5

wt.% of LiCl in DMAc. The specifications obtained from

GPC are shown in Table 1. For C2 and C3, the DPs of

regenerated cellulose were obtained nearly the same to

those informed from supplier, denoting that the degrada-

tion of cellulose did not occur during the period of dis-

solution.

3.2. Preparation of samples
All the celluloses were dried for 2 days in a vacuum

oven at 80°C. The appropriate weight of cellulose was

added into the flask with [EMIM]Ac and stirred at 80°C

using mechanical mixer. The stirring rate decreased grad-

ually from 40 rpm to 10 rpm due to the prevention of the

occurrence of rod-climbing and bubbles. As time goes by,

the solution starts to look transparent. If the dissolution of

cellulose is incomplete, the unmelted masses could be

observed by tilting the flask and allowing the solutions to

flow through the wall to the flask. We gave the time enough

to the masses to disappear completely. Times for dissolv-

ing each cellulose were 6, 8, and 12 hrs in the order of

molecular weight. Solutions with concentrations from 0.1

wt.% to about 10 wt.% were prepared for each cellulose.

When the solutions are ready, the cellulose was extracted

from them in order to characterize the regenerated cellu-

lose using gel permeation chromatography (GPC). The

regenerated cellulose was obtained as the form of bulk

precipitates by adding a little of solution into an excess

amount of ethanol. After filtering and drying them at room

temperature, we crushed finely in powder form and

repeated the precipitation once more to remove the residue

of ionic liquid. After filtration, the resulting powder was

dried overnight under vacuum at room temperature. After

dissolving 9 wt.% of LiCl in DMAc, we prepared samples

of GPC by adding the cellulose powder into the solution

of LiCl/DMAc at a concentration of 10000 ppm.

3.3. Measurements 
Rheological properties of solutions were measured using

a rotational rheometer, MCR-301 of Anton Paar. Since

ionic liquid is liable to absorb moisture, the viscosity of

ionic liquid decreases when it is exposed to air. Addition

of water to the cellulose solution leads to form a phase of

gel (Lee et al., 2016). Therefore, it is very important to

prevent moisture absorption from samples loaded on plate.

Oils with a low viscosity are often used to seal the edge

of such samples. However, the oil covering the sample

seems to penetrate into the surface between the plate and

the samples especially with low concentrations. It is

because the difference of viscosities between the oil and

the sample is small and it implies the oil-sealing method

is not appropriate to such solutions of low concentration

whose viscosity is comparable with those of the oil and

the solvent. Hence, we capsulated the sample with solvent

cap and silicon oil as shown in Fig. 4. In general, the sol-

vent cap is used for measurement of volatile samples by

filling the well with solvent. In this case, the well was

filled with silicon oil with 10 cps of viscosity instead of

ionic liquid to prevent the permeation of moisture in air.

Dynamic moduli of solutions were measured in the range

of frequency from 0.1 rad/s (or 1 rad/s) to 100 rad/s at 25,

75, and 110°C. Master curves were constructed through

the principle of time-temperature superposition (TTS) at

25°C which is known as the θ condition for cellulose/

[EMIM]Ac system (Lu et al., 2013). 

The amount of the polymer in the solution can be used

in various definitions such as concentration (weight of

solution/volume of solution), volume fraction (volume of

solute/volume of solution), and weight fraction (weight of

solute/weight of solution). Although concentration was

used for following analysis of cellulose solution, we indi-

cated each solution through weight fraction. It is because

the concentration has the value with decimal point which

decreases readability. The weight fraction and concentra-

tion can be converted through the density of the solution.

If the density difference between the polymer and the sol-

vent is not large, the density of the cellulose solution is

almost constant regardless of the amount of cellulose.

Hence, weight fraction can be used instead of concentra-

tion. The densities of the [EMIM]Ac and amorphous

region of cellulose are known as 1120 kg/m3 and 1485 kg/

m3, respectively. Therefore, the plot of concentration vs.

weight fraction showed almost straight line.

Figure 5 shows the TTS master curves of cellulose/

[EMIM]Ac solutions with concentrations in regime II((a)-

(c)) and regime III((d)-(f)), respectively. The solutions

Table 1. GPC results on the molecular weight and the PDI of

regenerated cellulose.

Sample

DP 

from 

supplier

GPC results of regenerated cellulose

Mn

[kg/mol]

Mw

[kg/mol]

DP from

Mw

PDI

C1 - 3.70 44.5 275 12

C2 850 13.0 138 852 10

C3 1100 25.0 182 1123 7
Fig. 4. (Color online) Encapsulation using solvent cap and sili-

cone oil (with the viscosity of 10 cP) to prevent samples from

absorbing moisture in air.
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were prepared with three kinds of celluloses: C1((a) and

(d)), C2((b) and (e)), and C3((c) and (f)).

4. Results and Discussion

4.1. Determination of c
*
 and ce 

The larger the molecular weight of the polymer, the

more pronounced the concentration dependence of the

specific viscosity of polymer solution. That is, when the

molecular weight is not sufficiently large, the change of

viscosity becomes gentle and it makes difficult to distin-

guish the regimes of concentration. In this situation, if a

researcher divides the range of concentration only with the

unaided eye, scaling analysis can be contaminated by arti-

ficial errors. Therefore, we proposed the following numer-

ical method.

, (9)

(10)

. (11)

The zero-shear viscosity of polymer solution consists of

the contribution of solvent and that of the polymer as

shown in Eq. (9). Since the solution viscosity in each

regime shows different dependence on concentration and

molecular weight, the characteristics of each regime are

represented by I, II, and III in Eq. (10). The functions

II and III are expressed as a function of c/c* and c/ce.

The functional forms of Eq. (10) continuously connect the

piece-wise power law. When the concentration of the

polymer is low, the specific viscosity is proportional to

concentration because I is dominant compared to II and

III. When the concentration increases beyond c*, the spe-

cific viscosity increases in proportion to the square of the

concentration as I and II become dominant simultane-

ously. When the concentration increases above ce, the

exponent of concentration becomes 4.7 due to the produc-

tion of all the terms. The concentration dependence of the

θ solution is included in this manner. For the θ solution, c*

and ce are known to follow Eq. (11) and n1 and n2 in Eq.

(10) are the fitting parameters to control curvature. Since

Eq. (9) has many parameters and the variables change in

logarithmic scale, we cannot get the correct values by the

conventional algorithms of nonlinear regression. There-
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Fig. 5. (Color online) Master curves of cellulose/[EMIM]Ac solutions included in regimes II ((a)~(c)) and III ((d)~(f)). Three kinds of

celluloses were used: C1 ((a) and (d)), C2 ((b) and (e)), and C3 ((c) and (f)). Open symbols and filled symbols represent storage and

loss moduli, respectively, and the color of symbols displays the difference in concentration.
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fore, we used the Monte-Carlo method (Kim et al., 2018).

Figure 6 shows the viscosity differences between sol-

vent and solution of three types of cellulose. The curves

drawn along the data are the results of regression analysis

using the above Eq. (9) to Eq. (11) and the vertical lines

are the c* and ce of each sample. Since c* and ce are

decreasing functions of molecular weight, C1 has the

highest c* and ce, and C3 shows the most narrow regime

I. We classified the concentration regimes by using the

values of c* and ce which were determined by the nonlin-

ear regression.

4.2. Comparison of superposition in the regime II
Since [EMIM]Ac is known as the θ solvent of cellulose

at room temperature, it is expected that the data of

regime II will follow the Rouse model. Lu et al. (2013)

calculated the Rouse time (R) and plotted  and

 against R. In Fig. 7, however, we

replaced R by c because of Eq. (2) without compli-

cated calculation of the Rouse time.

The failure of superposition shown in Fig. 7 could be

explained by the MWD because the Rouse model also

assumes the perfect monodispersity. Furthermore, there is

a report from Haward et al. (2012) that cellulose/

[EMIM]Ac solutions did not show the behaviors of the θ

solution at room temperature. Hence they insisted that the

cellulose behaves like a semi-flexible chain. Although it is

hard to judge whether the solutions of C1 and C2 follow

the Rouse model or not because of the limited range of

frequency, the data of C3 look like the Rouse model and

have better superposition. Lu et al. (2013) showed the

superposition by the Rouse model for only two concen-

trations. We guess that the Rouse behavior may not be

valid over the whole concentrations of the regime II. 

The zero shear viscosity of polydisperse polymer solu-

tions looks obeying the monodisperse scaling in Fig. 6.

However, note that the master curve is scaled by charac-

teristic modulus (Gc) and relaxation time (c) which are

related with zero-shear viscosity by o = Gcc. Although

zero-shear viscosity follows the monodisperse scaling,

there are so many choices for scaling factors such as Gc

and c. Scaling theory of polymer physics provides the

scaling factors as the functions of concentration and

molecular weight. However, such monodisperse scaling

for the scaling factors does not give a master curve as

shown in Fig. 7. That is, the monodisperse scaling for the

GM cRT

s
( )G M cRT  

Table 2. Values determined from the Monte-Carlo method. 

Sample c* [kg/m3] ce [kg/m3] b

C1 7.7 57 0.01

C2 4.4 25 0.03

C3 3.8 20 0.04

Fig. 6. (Color online) Viscosity differences between solutions

and solvent against concentration. Curved lines denote the results

of regression using Eq. (9) and vertical lines represent the bound-

aries among regimes. 

Fig. 7. (Color online) The results of monodisperse scaling in regime II. Three types of cellulose were used: (a) C1, (b) C2, and (c) C3.

Open symbols and filled symbols represent storage and loss moduli, respectively, and the color of symbols displays the difference in

concentration.
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scale factors is not valid for polydisperse polymer solu-

tions even though the zero shear viscosity appears to obey

the monodisperse scaling. 

Figure 8 is the superposition from the viscosity-fitting

scaling. Some samples are excluded in Fig. 8 since some

solutions of low concentration and of low molecular

weight do not give acceptable values of dynamic moduli

at low frequency. As expected the viscosity-fitting scaling

gives better superposition than the Rouse scaling. How-

ever, there are still deviations in storage modulus.

Chen et al. (2011) showed that α-cellulose/[BMIM]Cl

obeys  and . However, our cellulose

solutions do not show a clear relation between τ and c as

shown in Fig. 9a. On the other hand, our  is pro-

portional to c and independent of molecular weight as

shown in Fig. 9b. 

Figure 10 shows the superposition by the phenomeno-

logical scaling. There is also the lack of data due to the

same reason of Fig. 8. Compared to the solutions of mon-

odisperse PB (Figs. 2 and 3), the superiority of the phe-

nomenological scaling looks clearer because of the wide

MWD of cellulose. 

Figure 11 shows how m and Gm depend on molecular

weight and concentration. Figure 11a shows that the mean

relaxation time obeys the power-law dependence on con-

centration although the exponent depends on molecular

weight. Note that the three types of celluloses have a dif-

ference in the PDI as well as the molecular weight. Hence,

it is difficult to reveal the functional form of .

Figure 11b indicates that Gm seems to have weak depen-

dence on concentration. Since  and  in

the regime II, one may expect that if Gm is perfectly inde-

pendent of concentration, then . This expectation

agrees with the data of C3 while no agreement is found in

2
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Fig. 8. (Color online) The results of viscosity-fitting scaling in regime II. Three types of cellulose were used: (a) C1, (b) C2, and (c)

C3. Open symbols and filled symbols represent storage and loss moduli, respectively, and the color of symbols displays the difference

in concentration.

Fig. 9. (Color online) Dependences of (a)  and (b) o/ of regime II on concentration of cellulose.
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the data of C1 and C2. 

4.3. Comparison of superposition in regime III
Figure 12 shows the results from the monodisperse scal-

ing in regime III. Although the PDI of C3 is lower than

that of C1, all the celluloses show poor quality of super-

position in common. As expected, the monodisperse scal-

ing also failed the superposition despite the viscosity

seemed to follow the monodisperse scaling. It means that

the scaling factors (Gc and c) from the monodisperse

scaling are not proper for polydisperse polymer solutions.

We will analyze the reason using the double reptation the-

ory (quadratic mixing rule) in the following section.

The master curves from the viscosity-fitting scaling are

shown in Fig. 13. As expected, acceptable superposition is

seen for the all cellulose. 

Figure 14 shows the dependence of  and o/ on con-

centration. Although the terminal relaxation time () clearly

obeys the power law against concentration, the exponents

differ according to molecular weight. The terminal mod-

ulus (o/) does not show a unified dependence on con-

centration. The terminal modulus of C3 increases as

concentration in the double logarithmic plot while that of

C2 shows a local minimum and that of C1 seems to have

a local maximum. Different from the monodisperse scal-

ing, the scaling factors of the viscosity-fitting scaling do

not have unified dependence on concentration and molec-

ular weight. It is interesting that the polydispersity does

not prevent the unified dependence of the zero-shear vis-

cosity on concentration and molecular weight as shown in

Fig. 6. The reason will be discussed after the result and

discussion on the phenomenological scaling in the regime

III.

Both slopes of  and o/ on concentration were observed

as the value of 2.3 in the results of Chen et al. (2011).

Although Chen et al. (2011) measured the cellulose/ionic

Fig. 10. (Color online) The results of phenomenological scaling in regime II. Three types of celluloses were used: (a) C1, (b) C2, and

(c) C3. Open symbols and filled symbols represent storage and loss moduli, respectively, and the color of symbols displays the dif-

ference in concentration.

Fig. 11. (Color online) Dependences of (a) m and (b) Gm of regime II on concentration of cellulose.
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liquid solutions under the θ condition as the same as ours,

the types of cellulose and ionic liquid (α-cellulose/[BMIM]Cl

solution) are different from ours. For more robust com-

parisons, we need their dynamic modulus but they only

showed the viscosity data in their paper without results of

superposition in moduli. 

Fig. 12. (Color online) The results of monodisperse scaling in regime III. Three types of celluloses were used: (a) C1, (b) C2, and (c)

C3. Open symbols and filled symbols represent storage and loss moduli, respectively, and the color of symbols displays the difference

in concentration.

Fig. 13. (Color online) The results of viscosity-fitting scaling in regime III. Three types of celluloses were used: (a) C1, (b) C2, and

(c) C3. Open symbols and filled symbols represent storage and loss moduli, respectively, and the color of symbols displays the dif-

ference in concentration.

Fig. 14. (Color online) Dependences of (a)  and (b) o/ of regime III on concentration of cellulose.
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Figure 15 shows the reduced dynamic moduli according

to the phenomenological scaling in regime III. As you can

see, Fig. 15 shows the best quality in superposition among

the results so far. This means that m and Gm can reflex the

effect of molecular weight better than the scale factors of

the viscosity-fitting scaling.

Similar to the scale factors of the viscosity-fitting scal-

ing, those of the phenomenological scaling do not show

any systematic dependence on concentration and molec-

ular weight. The slopes in Fig. 16a significantly differ by

molecular weight. We expect that the MWD prevents the

unified dependence of the scaling factors on concentration

and molecular weight just as the viscosity-fitting scaling.

We compared the terminal relaxation time (τ) and the

mean relaxation time (m) in Fig. 17. The data give

 which indicates that the terminal relaxation time

is almost twice of the mean relaxation time. On the other

hand, there was no clear relation between the terminal

modulus and the mean modulus. This lack of correlation

 1.8
m



Fig. 15. (Color online) The results of phenomenological scaling in regime III. Three types of celluloses were used: (a) C1, (b) C2, and

(c) C3. Open symbols and filled symbols represent storage and loss moduli, respectively, and the color of symbols displays the dif-

ference in concentration.

Fig. 16. (Color online) Dependences of (a) m and (b) Gm of regime III on concentration of cellulose.

Fig. 17. (Color online) Comparison of the two kinds of charac-

teristic relaxation times.
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between Gm and o/ may be the reason why the phenom-

enological scaling gives better superposition than the vis-

cosity-fitting scaling.

We collected the master curves of different molecular

weights as shown in Fig. 18. The superposition by the two

scaling methods was done irrespective of molecular

weight. However, the phenomenological scaling still gives

better superposition.

4.4. Effect of molecular weight distribution
If molecular weight of polymer is lower than the critical

molecular weight, the solution cannot show any effects of

entanglement even if concentration is extremely high.

Since the critical molecular weight (Mc) is about two times

of the entanglement molecular weight, the entanglement

molecular weight can also play the role of criterion whether

a chain of a given molecular weight can contribute to the

entanglement effect or not. Figure 19 is the result gener-

ating the two log-normal distributions with the same mean

but different standard deviations. The vertical line in Fig.

19 denotes the critical molecular weight which is depen-

dent on concentration. Since only the polymer chains with

 form the entanglements, the area to the right of

the vertical line contributes to the entanglements.

Consider a polydisperse polymer solution with strong

entanglement. It is obvious that the entanglement molec-

ular weight, a measure of entanglement, decreases as con-

centration. Hence lower concentration means more chains

are excluded from entanglement even if the molecular

weight distribution of solute is fixed as shown in Fig. 19.

As for monodisperse polymer solution with ,

all the chains in the solution join in entanglement. How-

ever, even if , some portion of chains can-

not contribute to entanglement because .

Hence, concentration changes the molecular weight dis-

tribution of polymer chains which contribute to entangle-

ment. This implies that polymer solutions in regime III

would have different MWDs effective for entanglement

even if the pure polymer has the same MWD. This

explains why the scale factors of the phenomenological

scaling and the viscosity-fitting scaling do not show sys-

tematic dependence on concentration and molecular weight.

Similarly, the overlap of polymer chains depends on the

MWD, too. However, this speculation could not explain

why the specific viscosity obeys a systematic dependence

on concentration and molecular weight while the scale

factors do not.

Tsenoglou (1991) suggested the following equations for
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Fig. 18. (Color online) The master curves obtained from (a) viscosity-fitting scaling and (b) phenomenological scaling irrespective of

concentration and molecular weight. Open symbols and filled symbols represent storage and loss moduli, respectively, and the color

of symbols displays the difference in a type of cellulose.

Fig. 19. (Color online) Two kinds of the normal distributions

with the same mean but different standard deviation. The vertical

line means the critical molecular weight.
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polydisperse polymer melt:

(12)

and

, (13)

where wi is the weight (or volume) fraction of the chain

with molecular weight of Mi and i is the zero-shear vis-

cosity of the chain with molecular weight of Mi. Accord-

ing to the theory of Tsenoglou (1991) and the experimental

results of Fuchs et al. (1996), it is obvious that Gm has a

scaling behavior different from that of the plateau modu-

lus Ge if the polymer in solution does not have a narrow

MWD. 

We calculated the effect of MWD on the zero-shear vis-

cosity and steady state compliance under the assumption

that MWD is the log-normal distribution. At first, we

fixed weight average molecular weight and calculated the

zero-shear viscosity and steady state compliance with

varying the PDI. Figure 20 shows that there is the interval

of PDI (PDI < 1.4) where the zero-shear viscosity is

nearly constant while there is not such interval of PDI for

the steady state compliance. This implies that MWD gives

bigger effect to steady state compliance (and mean mod-

ulus) than zero-shear viscosity. To emphasize this MWD

effect, we calculate these viscoelastic constants as func-

tions of molecular weight at constant PDI.

Figure 21 shows that  irrespective of PDI and

the power-law behavior forms a narrow band as shown in
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Fig. 20. (Color online) Change of (a) zero-shear viscosity and (b) steady state compliance with increasing PDI when the weight-average

molecular weight is 106 g/mol.

Fig. 21. (Color online) Change of (a) zero-shear viscosity and (b) steady state compliance with increasing the weight-average molecular

weight when PDI is constant.
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Fig. 21a. On the other hand, steady state compliance

increases steeply although the independence of molecular

weight still remains. This simple calculation was done

under the assumption that all polymer chains have higher

molecular weight than the critical molecular weight because

of the limit of the mixing rule Eqs. (12) and (13). How-

ever real polymer contains the chains whose molecular

weight is smaller than the critical molecular weight. It is

known that when binary mixture of monodisperse poly-

mers of two molecular weights (  and )

does not obey the quadratic mixing rule of Tsenoglou

(1991) (Watanabe, 1999). It is also noteworthy that the

calculation does not include the effect of solvent. To

authors’ knowledge, there is no mixing rule for poly-

disperse polymer solution. Although the mixing rules

above are crude and considered as polymer melts, it is

conceivable that the quality of superposition is manifested

by the difference in sensitivity between o and Gm with

respect to the MWD.

The crude calculation reveals that the zero-shear viscos-

ity (o) is nearly free from the MWD while the steady

state compliance (Je) is not. This result can be extended to

polymer solution. The specific viscosity is nearly inde-

pendent of the MWD while Gm and  are influenced

by the MWD. Since the time scale factors such as m and

τ are equivalent to , they are also significantly

influenced by the MWD. 

One may say that the zero shear viscosity obeys the

monodisperse scaling from Figs. 6 and 21a. However, the

superposition needs scaling factors c and Gc such that

. Monodisperse scaling says that

(14)

Although our data obey the last of Eq. (14) as shown in

Fig. 6, it does not imply the first and second of Eq. (14).

If we use the first two equations of Eq. (14) then we found

that a master curve cannot be obtained. On the other hand,

if we use mean modulus and mean relaxation times then

a beautiful master curve is obtained irrespective of Mw and

c. In summary, the zero shear viscosity is weakly depen-

dent on MWD while the scale factors such as Gc and c

are strongly dependent. 

5. Conclusions

So far, there have been many efforts to understand the

viscoelasticity of cellulose solutions through scaling anal-

ysis, but they have not shown a consistent explanation for

the dynamics of cellulose chains in ionic liquids. This is

because they have introduced the conventional mono-

disperse scaling which does not consider the MWD.

Therefore, it is important to analyze using the polydisperse

scaling rules such as the viscosity-fitting scaling and the

phenomenological scaling. The MWDs of cellulose obscure

the dependence of scaling factors on concentration and

molecular weight. This tendency is more pronounced in

regime III because the content of polymer chains partic-

ipating in entanglements varies according to the MWD

and the concentration. Such characteristics appear equiv-

alently in both scaling methods, but the superposition of

master curves is more excellent in phenomenological scal-

ing. Although the viscosity-fitting scaling uses the com-

plex viscosity, only the loss modulus is dominant in the

terminal region. On the other hand, the phenomenological

scaling reflects the storage modulus as well as loss mod-

ulus through the mean modulus. In other words, the sen-

sitivity of the mean modulus to MWD is better than that

of viscosity, which also can be explained by the mixing

rule of Tsenoglou (1991).
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