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Tailings are a slurry of silt-sized residual material derived from the milling of rock. High density (HD) tail-
ings are tailings that have been sufficiently dewatered to a point where they exhibit a yield stress upon depo-
sition. They form gently sloped stacks on the surface when deposited; this eliminates or minimizes the need
for dams or embankments for containment. Understanding the flow behaviour of high density tailings is
essential for estimating the final stack geometry and overall slope angle. This paper focuses on modelling
the flow behaviour of HD tailings using smoothed particle hydrodynamics (SPH) method incorporating a
‘bi-viscosity’ model to simulate the non-Newtonian behaviour. The model is validated by comparing the
numerical results with bench scale experiments simulating single or multi-layer deposits in two-dimensions.
The results indicate that the model agreed fairly well with the experimental work, excepting some repulsion
of particles away from the bottom boundary closer to the toe of the deposits. Novel aspects of the work,
compared to other simulation of Bingham fluids by SPH, are the simulation of multilayer deposits and the
use of a stopping criteria to characterize the rest state.
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1. Introduction

Mine tailings are the final product of crushing, grinding,

and processing of the subsurface material usually depos-

ited in a slurry form confined by surface impoundments

using dams and embankments. High density (HD) tailings

deposition is an alternative to the conventional method

which has been developed to increase the amount of recy-

cled water during operations and to reduce the need of

dams for containment. HD tailings went through dewater-

ing process prior to deposition to manifest a yield stress

upon deposition. Common practices of HD tailings depo-

sition are the Bulyanhulu gold mine in Tanzania, Africa,

Kidd Creek and Musselwhite mines in Ontario, Canada,

Peak Gold, and Osbourne mines in Australia (Kam et al.,

2011; Robinsky, 1978; Shuttleworth et al., 2005). Various

types of HD tailings technologies are also being trialled in

the oil sands industry, in order to reduce environmental

impacts associated with water use and to accelerate rec-

lamation of disturbed land. Understanding the flow

behaviour of HD tailings is an important factor in the esti-

mation of the stack geometry and the overall slope angle,

parameters which have an influence on the geotechnical

stability, water balance and seepage of contaminants as

well as the determination of the storage capacity of a

given footprint (Mizani et al., 2013). The prediction of the

overall slope and the geometry have been investigated by

several researchers whose variety of theories reflect dif-

ferent flow states; including theories based on the analysis

of channelized flow developed during deposition (Fitton et

al., 2006; McPhail, 2008) and spreading tailings flow

(Simms et al., 2011). Tailings may undergo different flow

states during and before the deposition; laminar or turbu-

lent, supercritical and subcritical, channelized or spreading

which will affect the final footprint and the geotechnical

stability of the tailings stack. Using CFD to study this

problem is fairly new, due to the computational cost

required to solve field relevant problems with such com-

plexity (complex free surface flows of a non-Newtonian

fluid). Some initial work using relatively simple CFD

models has been attempted (Gawu and Fourie, 2004,

Simms et al., 2011). 

Particle-based numerical models pose certain advan-

tages for this type of problem, including automatic mass

conservation and delineation of the free surface. The

objective of the present paper is to investigate the appli-

cability of one such method, smooth particle hydrodynam-

ics (SPH) to model overland flow of tailings. To that end,

an existing and relatively well-used formulation of SPH is

employed to simulate previously published bench-scale

experiments simulating deposition of a high density gold

tailings. The authors employ a bi-viscosity model (Hos-

seini et al., 2007) as the constitutive relationship to sim-

ulate Bingham rheology. The bi-viscosity model is simple

to implement and numerically stable, and therefore attrac-

tive for computationally expensive future work at large

scales and three dimensions.

The SPH method was originally introduced by Gingold

and Monaghan (1977) in astrophysics and was later

extended to solve free surface problems by Monaghan

(1994). The behaviour of non-Newtonian fluid using SPH

method has received attention from several researchers;*Corresponding author; E-mail: yagmur.babaoglu@carleton.ca
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Ellero et al. (2002), Fang et al. (2006), and Xu and Deng

(2016) investigated the free surface flow of viscoelastic

fluids using SPH; Fan et al. (2010) studied the applica-

bility of the method for simulating polymer processing.

As for the viscoplastic fluids, Shao and Lo (2003) sim-

ulated free surface flow problems using Cross rheological

model and Hosseini et al. (2007) proposed a three-step

algorithm for the simulation of non-Newtonian fluids.

Zhu et al. (2010) studied the determination of the rheo-

logical properties of Bingham fluids using SPH method,

and Capone et al. (2010) investigated the submarine land-

slide deformation and its interaction with water. Applica-

tions of SPH to free surface problems such as broken dam

analysis are also explored by several researchers; Shao

and Lo (2003) and Hosseini et al. (2007) analysed the

problem for both Newtonian and non-Newtonian fluids

where Shao and Lo (2003) defined the fluid mud using

Cross rheological model and Hosseini et al. (2007)

defined the water-clay fluid using power-law, Bingham

plastic, and Herschel-Bulkley fluid models. Within the

past year, SPH was implemented to model multi-phase

sediment flows by Fourtakas and Rogers (2016) and

Khanpour et al. (2016); whereas Ghaïtanellis et al. (2016)

and Wang et al. (2016) studied the motion of landslides

using the method.

2. Theory

2.1. Governing equations of SPH and constitutive

model
SPH is a mesh-free, Lagrangian method where fluid

state is mapped to as set of particles to obtain approximate

numerical solutions (Monaghan, 2005, 2012). SPH solves

the equation of motion on each particle from a pressure

field; the pressure field is updated by an equation of state,

while the viscosity of the fluid influences particle motion

through a shear stress term in the equation of motion. The

authors use the variant of SPH as implemented in the

shareware research code SPHYSICS (Gingold and

Monaghan, 1977; Monaghan, 1994; 2005). The governing

equations, conservation of mass and momentum, for SPH

are (Gómez-Gesteira et al., 2010); 

, (1)

 (2)

where m is the mass, ρ is the density, g is the gravitational

acceleration,  is the gradient of the kernel, P is the

pressure, and Θ is the diffusion term which is defined by

an artificial viscosity term ( ). The acceleration at

each particle can then be defined as:

. (3)

Note the pressure gradient term and the viscosity term in

symmetrical form are expressed in SPH notation as; 

. (4)

In SPHYSICS, the fluid is treated as slightly compress-

ible with an applicable equation of state. The compress-

ibility of the fluid can be adjusted with two conditions to

satisfy; the density variations calculated by the continuity

equation must be less than 1% and the speed of sound

selected must be ten times faster than the maximum fluid

velocity. The equation of state presenting the relationship

between the density and the pressure is defined as follows

(Gómez-Gesteira et al., 2010);

, (5)

 (6)

where ρ0 is the reference density and c0 is the speed of

sound.

To minimize the pressure oscillations generated during

the simulations, a filter is applied over the density of the

particles at every 30 time steps to correct and re-assign a

density for each particle. First order correction scheme,

Moving Least Square (MLS) applied by Colagrossi and

Landrini (2003) and Gómez-Gesteira et al. (2010) is

selected to reproduce the density field during simulations.

Various boundary conditions were considered; however,

the authors chose dynamic particles to represent the

boundary conditions, as this minimized boundary issues

(escaping particles) for our problem. These particles fol-

low the same continuity and state equations as the fluid

particles, and can be calculated in the same loop as the

fluid particles while their positions and velocities remain

unchanged during the simulation. Therefore, one of the

advantages of the boundary condition is its computational

simplicity.

The material is modeled as a Bingham fluid by using the

bi-viscosity model, which minimizes but does not com-

pletely stop deformation below the yield stress. The

advantage of the bi-viscosity model is the mathematically

smooth transition between the un-yielded and yielded

regions, improving convergence and processing times.

The shear stress τ is a function of shear rate tensor D and

the viscosity µ (Hosseini et al., 2007).

(7)
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shear strain rate  are defined as;

, (8)

. (9)

Above the critical yield stress, the material behaves like

a Newtonian fluid where the viscosity is dependent on the

yield stress and the second invariant of shear strain rate.

The ‘bi-viscosity’ model defines the viscosity in both

yielded and un-yielded regions (Beverly and Tanner,

1992; Capone et al., 2010; Hosseini et al., 2007). The

relationship is defined as; 

,

(10)

where τy is the critical yield stress, μ is the viscosity, and

α represents the coefficient providing a greater viscosity

in the un-sheared zone. An effective viscosity term for the

Bingham fluid in the Eq. (3) defined as follows (Capone

et al., 2010) 

(11)

where

, (12)

(13)

where νsig is the signal velocity. The shear rate tensor D is

calculated by the first derivative of velocity in SPH con-

text. 

. (14)

2.2. Analytical steady-state and transient equations
for low inertia flows of Bingham fluids

Simple analytical formulas for the final shape of Bing-

ham fluid, derived using lubrication theory by other

authors (see below) are used both to help validate the pro-

posed numerical method (when inertia is low). The fol-

lowing equations, previously derived by Liu and Mei

(1989) and Yuhi and Mei (2004) for one-dimensional

steady-state (at rest) and transient profiles over a horizon-

tal plane are:

. (15)

Equation (15) is the steady-state profile where h0 is the

height at x0.

The depth-integrated transient solution is given below.

The horizontal velocity components are defined for this

depth-integrated law of mass conversion as; 

, (16)

. (17)

The transient case presented in the paper is an identical

solution to that presented in Henriquez and Simms (2009).

3. Methodology and Model Calibration

3.1. Benchmark of SPH to published example
The authors selected a two-dimensional dam break anal-

ysis from Hosseini et al. (2007) as a benchmark problem
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Fig. 1. Comparison of bi-viscosity model using SPHYSICS with

the numerical results by Hosseini et al. (2007).
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to demonstrate that authors’ implementations of SPHYS-

ICS is correct. Hosseini et al. (2007) utilized a bi-viscosity

model to simulate flow of a Bingham plastic yield stress

of 25 kPa, a viscosity of 0.07, and using an alpha value of

100. In Hosseini et al. (2007), this example is compared

to the experimental data provided in Komatina and Jova-

novic (1997). The authors model uses the same material

parameters, and the number of particles (8000). The com-

parison of the final profiles by authors' implementation of

SPHYSICS using a bi-viscosity model with Hosseini et al.

(2007) is shown in Fig. 1. The results are almost identical.

3.2. Description of target experiments
The simulated experiments were originally presented in

Henriquez and Simms (2009). Tailings were deposited

using different deposition methods, different total vol-

umes, and different angles for the flume base (see Table

1). Two different deposition methods were implemented

for single layer deposition simulations; one using the gate

and one using a pipe, with a diameter of 0.24 m. The

reduced dimension, which is the width of the flume, in the

simulations is 0.152 m. 

Some two layer tests were performed, where a new layer

was poured onto a previously deposited layer that was

deposited for 24 h previously. The old layer would sub-

stantially increase in density to 2000 kg/m3 due to settling

over this period.

3.3. Initial conditions
For the case of dam break type experiments (Test 1), the

initial conditions are well-defined, as shown in Fig. 2a.

For the case of the deposition through a funnel and pipe,

Tests 2-6, particles are added at different times during the

simulation, so as to mimic the actual flow rate of tailings

into the flume. The flow rate is well defined as the volume

of tailings can be trivially deduced from high speed cam-

era images. The initial geometry of the particles at the

beginning of a simulation experiment is presented in Fig.

2b; the initial pipe opening is 2.4 cm. The outlet is 0.2 m

above the bottom of the flume and 0.1 m from the edge of

the flume.

3.4. Parameter calibration
The parameters of the model include material parame-

ters (yield stress and viscosity) and model specific param-

eters (particle spacing, α coefficient in bi-viscosity model,

and stopping criteria). The sensitivity to particle spacing is

presented by comparing profiles predicted at different

times in Fig. 3. The particle density used in the simula-

tions is similar to the particle density used in other sim-

ulation of non-Newtonian flow using SPH (Hosseini et al.,

2007; Shao and Lo, 2003). In Fig. 3, the finest particle

spacing is 4 mm by 4 mm. Increasing particle density past

this point does appreciably change the results. This is

likely due to the relatively slow speed of the flow, com-

pared to the simulation of low viscosity Newtonian flows

(e.g., water), where a higher sensitivity to particle spacing

is reported.

Table 1. Summary of experiments. The yield stress and the viscosity of the tailings were assigned as 36 Pa and 0.65 Pa·s, respectively,

in the model, as measured by Henriquez and Simms (2009) using both slump test and the slope of the interpolated Bingham model to

the flow curves. 

Test
Yield Stress 

(Pa)

Density 

(kg/m3)

Volume 

(L)
Deposition Method

Single Layer

1 36 1800 5.5 Single layer deposition using a gate

2 36 1800 5.5 Single layer deposition using a funnel

3 36 1800 5.6 Single layer transient deposition using a funnel

4 36 1800 2.5
Single layer deposition on a sloped bed at an angle of 0.57 degree, 

deposited using a funnel

5 36 1800 2.5
Single layer deposition on a sloped bed at an angle of 1.13 degree, 

deposited using a funnel

Multi-Layer 6
36 (Layer 1) 

1000 (Layer 2)

1800

2000
4.7 Flume test using various parameters on a flat bed

Fig. 2. The initial particle positions for (a) Test 1 and (b) Test 2.
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The measured viscosity and yield stress values for these

tailings reported in Henriquez and Simms (0.65 Pa·s and

36 Pa) were adopted, however, the sensitivity of the model

to these terms is shown in Fig. 4 in terms of the predicted

profile at rest. Sensitivity to variation in these parameters

was relatively low: Doubling the yield stress and viscosity

values while keeping the alpha value constant only reduced

the runout distance by 3% and 2%, respectively. However,

increasing the alpha value from 10 to 100 results in a 14%

decrease in runout distance. The α coefficient was initially

determined by best-fitting transient flow predictions to

transient solution for Lubrication theory (Fig. 5) using the

measured yield stress and viscosity, which gave a value of

α = 10.

The bi-viscosity model cannot truly simulate the final

rest state, as the viscosity is always finite. Theoretically,

for a Bingham fluid, below the yield stress value, no

deformation should take place. In order to simulate the

final shape of the experimental deposits, it is necessary to

establish a criterion for what constitutes the final stable

condition. The best results were achieved when more than

99% of the particles had shear stresses less than yield

stress. Though arbitrary, it has been consistently applied to

all simulations. A criterion of 100% cannot be used, as

doing so will allow particles below the yield stress too

Fig. 3. Test 3 - Simulated transient flow profiles using different

particle spacing, at (a) 6 s, (b) 9 s, and (c) 11 s, respectively.

Fig. 4. Test 1 - The sensitivity of the model to various inputs for

the single layer deposition test using a gate (a) τy = 36 Pa, μ =

0.65 Pa·s, α = 10, (b) τy = 36 Pa, μ = 1.0 Pa·s, α = 40, (c) τy = 72

Pa, μ = 0.65 Pa·s, α = 40, and (d) τy = 36 Pa, μ = 0.65 Pa·s, α =

100, at 3.0 s.

Fig. 5. Test 3 - Simulated transient flow profiles compared to the

experimental results and theory provided in Eq. 16 at 3, 6, 9, and

11 s at α = 10.
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much time to flow (albeit at the higher viscosity), and

therefore produce unrealistic results. Considering the

results presented in Fig. 6a, the number of particle below

the yield stress increased from 80% to 99% in 0.4 s;

whereas the increase from 99% to 99.9% occurred in

0.5 s.

It might be suggested that increasing α would decrease

the time to achieve a 100% stopping criteria. In fact, the

result is the opposite, as increasing α will slow down the

overall flow, and allow greater time for deformation of the

flow, before a given stopping criteria can be achieved. In

Fig. 6b, the effect of increasing the α value for the same

simulation is presented. For the results with a higher α

value, the time required to achieve a given stopping cri-

teria, and therefore, at least in some cases the total run-out

at that time is almost 350% greater than for the lower α

value. Additionally, the difference in the geometry between

two stopping criteria is 1.5 times greater for the higher α

value. The difference in the run-out between the two stop-

ping criteria is about 0.15 m for the α = 40 simulation,

compared to a difference of 0.07 m for the α = 10 simu-

lation. Therefore, perhaps counter-intuitively, increasing α

does not result in a better simulation of a Bingham fluid.

4. Post-Calibration Simulations

4.1. Single layer deposition using a gate and a funnel
For the large volume deposition using a gate and a fun-

nel, tests 1 and 2, the simulations provide good agreement

with the experimental data as displayed in Figs. 7 and 8.

In Fig. 7, the experimental results present somewhat a

bifurcated behaviour in the first 0.2 m, as it appears as a

smaller flow sitting on top of the larger flow. This may be

due to thixotropic effects (Mizani and Simms, 2016),

which are not simulated in the model. Also in Fig. 7, the

effect of inertia on the flow is seen, as the experimental

results substantially overshoot the runout predicted by

lubrication theory (LT), whereas the agreement with the

SPH model is much better. The agreement of both LT and

SPH is much better in Fig. 8 where the funnel is used.

The final flow profiles for sloped beds provided good

results with the experimental data as shown in Fig. 9.

4.2. Multi-layer flume tests
In the experiments, deposition of fresh tailings on top of

the initial layers was characterized by the fresh tailings

flowing on top of the first layer, with no noticeable defor-

mation of the first layer (Henriquez and Simms, 2009). By

contrast, the numerical results showed substantial dis-

placement of the first layer. Measurements of the yield

stress through slump test for the density of the settled tail-

ings (with less than 30% water content) on freshly mixed

Fig. 6. Test 2 - Model sensitivity to different stopping criteria for

the funnel deposition problem for (a) alpha value is 10, differ-

ence in time between when the two criteria are met is 0.5 s and

(b) alpha value is 40, and difference in time is 2.2 s.

Fig. 7. Test 1 - Final profile of tailings deposited using a gate

with a volume of 5.5 L. Note the underestimation of run-out by

LT due to relatively high inertia of the flow.

Fig. 8. Test 2 - Final profile of tailings deposited using a funnel

for a volume of 5.5 L.

Fig. 9. Measured and predicted flow profiles at a slope of (a)

0.57 (Test 4) and (b) 1.14 degrees (Test 5).
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tailings from the same mine give a yield stress of 300 Pa

(Henriquez and Simms, 2009). However, this measure-

ment is conducted on a recently mixed material, while the

settled layer is in effect at rest for 2 days, during which

structure development does likely occur. Therefore, a

range of yield stress, and α values for the previously

deposited layer were assessed and the selected results are

shown in Fig. 10. The larger yield stress also generates a

larger gap between the layers, similar to the boundary

problem encountered in the single layer simulations. The

numerical results are compared with the experimental data

obtained from Henriquez and Simms (2009).

The geometry of the first layer (Fig. 11) is determined

by using the same parameters as the previous single layer

simulations. The positions of the particles were recorded.

For the multi-layer flow simulations, these positions data

were read into the code from an external file. Best results

were achieved with yield stress values for the settled layer

as 1000 Pa and the α value is 50,000. Transient flow pro-

files for these parameters are shown in Fig. 12. 

5. Discussion 

The most problematic discrepancy between the simula-

tions and the measurements is near the toe of the flow

where the boundary condition tends to push particles away

from the bottom boundary where the weight is low. This

is a common problem in SPH which appears visually in

other published work such as in Gómez-Gesteira et al.

(2010), though it is not always commented upon. Both

boundary conditions (dynamic boundary and repulsive

boundary conditions) have this problem. For repulsive

boundary conditions (RBC), the boundary particles apply

a constant repulsive force to the fluid particles directly;

Fig. 10. Test 6 - Final flow profiles for various α and τy values

at 2.4 s (a) α = 5000, τy = 100, (b) α = 40, τy = 400, (c) α = 5000,

τy = 400, and (d) α = 50000, τy = 1000.

Fig. 11. Initial particle position for the settled layer. 

Fig. 12. Test 6 - Flow profiles at (a) t = 0.01 s, (b) t = 1.0 s, (c)

t = 2.0 s, and (d) t = 5.0 s.
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this repulsive force can be minimized by changing the

parameters defined in the original magnitude of the force

equation provided in Gómez-Gesteira et al. (2010),

(18)

where the force between particles increases linearly with

ε(z). Equation 18 defines three zones for ε(z), one for

when particles are greater than one smoothing length apart

(value of 1), one for when particles are penetrating the

bottom boundary and the force increases with the depth of

penetration, and one for when particles are above the

boundary but less than one smoothing length away (value

of 0.02). The reason for this smaller value is to prevent

undue bouncing of the particles, but particle reflection is

not such a problem in our simulations (a very viscous

fluid), compared to say, energetic simulations of water

flow. Figure 13 presents two simulations of test case 1,

one in which ε(z) for z > h is the default value of 1, and

the other in which ε(z) is set to 0.2. The separation is sub-

stantially reduced but not eliminated.

Another way to minimize the gap at the toe and the gap

between different layers is by applying a smaller smooth-

ing length in those regions: This is attempted and some-

what improves results, but lowering the smoothing length

below 4 mm leads to numerical instability and conver-

gence difficulties.

It should be noted that the separation problem is visually

overvalued by the exaggeration of the vertical scale in

these figures. 

6. Conclusions

In order to estimate the final geometry and the overall

slope angle of high density tailing deposits, understanding

and modeling the flow behaviour is essential. This work

studies the applicability of modeling the depositional

behaviour of high density tailings using smoothed particle

hydrodynamics. A ‘bi-viscosity’ model, which defines

viscosity values for both yielded and un-yielded regions,

was used to simulated Bingham rheology. The model is

compared with the experimental work conducted by Hen-

riquez and Simms (2009).

The results obtained from the model provided relatively

good agreement with the experimental data and analytical

predictions for cases of single layer deposition, for a

unique set of modeling parameters (α coefficient and the

stopping criteria). The α coefficient was calibrated through

modelling transient behaviour. 

A unique aspect of this work was the use of the stopping

criteria to characterize when the rest state was achieved.

Good agreement with experimental data could be achieved

when a stopping criteria of 99% of particles less than the

yield stress was used. 100% could not be used, as this

would allow too much time for particles below the yield

stress to continue moving and so result in distortion of the

results. Somewhat counterintuitively, increasing the α

coefficient exacerbated this problem. 

For the multi-layer simulations, the yield stress of the

settled layer required to prevent non-physical penetration

into the underlying tailings was greater than anticipated.

Yield stress tests on tailings at the same water content

show values of about 300 Pa; however, a modelled value

of 1000 Pa was required to stop erosion in the simulation.

As values of yield stress and alpha were increased, the

simulated gap between the fresh and settled layers increased

as well. 

It is interesting to note that the eroding behaviour exhib-

ited by the modelling does indeed occur in the field, but

at much higher deposition velocities than in the bench-

scale tests. 

The main discrepancy between the experimental data

and the SPH simulations appears to be non-physical geo-

metry near the toe, due to the boundary problem. This can

be somewhat reduced by reducing the smoothing length

and by manipulating the parameters of the bottom bound-

ary condition. However, it should be noted that the figures

in the paper may result in overvaluing this problem due to

the exaggeration of the vertical scale.
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