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In this work, the buoyancy-induced convection from an isothermal spheroid is studied in a Bingham plastic
fluid. Extensive results on the morphology of approximate yield surfaces, temperature profiles, and the local
and average Nusselt numbers are reported to elucidate the effects of the pertinent dimensionless parameters:
Rayleigh number, 102 ≤ Ra ≤ 106; Prandtl number, 20 ≤ Pr ≤ 100; Bingham number, 0 ≤ Bn ≤ 103, and
aspect ratio, 0.2 ≤ e ≤ 5. Due to the fluid yield stress, fluid-like (yielded) and solid-like (unyielded) regions
coexist in the flow domain depending upon the prevailing stress levels vis-a-vis the value of the fluid yield
stress. The yielded parts progressively grow in size with the rising Rayleigh number while this tendency
is countered by the increasing Bingham and Prandtl numbers. Due to these two competing effects, a limiting
value of the Bingham number (Bnmax) is observed beyond which heat transfer occurs solely by conduction
due to the solid-like behaviour of the fluid everywhere in the domain. Such limiting values bear a positive
dependence on the Rayleigh number (Ra) and aspect ratio (e). In addition to this, oblate shapes (e < 1) foster
heat transfer with respect to spheres (e = 1) while prolate shapes (e > 1) impede it. Finally, simple predictive
expressions for the maximum Bingham number and the average Nusselt number are developed which can
be used to predict a priori the overall heat transfer coefficient in a new application. Also, a criterion is devel-
oped in terms of the composite parameter  which predicts the onset of convection in such fluids.
Similarly, another criterion is developed which delineates the conditions for the onset of settling due to
buoyancy effects. The paper is concluded by presenting limited results to delineate the effects of viscous
dissipation and the temperature-dependent viscosity on the Nusselt number. Both these effects are seen to
be rather small in Bingham plastic fluids.
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1. Introduction

The ellipsoidal bodies of revolution (also known as

spheroids) represent the simplest prototypes of non-spher-

ical axisymmetric shapes. Such particles are of great value

in delineating the influence of body shape on the momen-

tum and heat transfer characteristics in the free convection

regime. Indeed, this line of reasoning combined with

dimensional considerations and experimental results has

led to the development of very successful shape factors

and modifications thereof (Eslami and Jafarpur, 2012;

Jafarpur and Yovanovich, 1992; Lee et al., 1991; Mar-

tynenko and Khramtsov, 2005; Yovanovich, 1987a; 1987b)

to estimate the rate of heat transfer in the free convection

regime in simple Newtonian fluids for a range of shapes

of objects. Indeed, it is readily acknowledged that the

shape and orientation of an object have significant effect

on the resulting buoyancy-induced flow and temperature

fields which eventually determine the overall rate of inter-

phase heat transfer. Thus, in addition to its overwhelming

fundamental significance, such model studies also denote

an idealization of numerous industrial applications such as

thermal treatment of food particles, melting of polymeric

pellets, drying of agricultural products, and of wet solids

in a range of advanced materials manufacturing processes,

etc. Consequently, over the years, significant research

effort has been expended in studying free convection heat

transfer from variously shaped three-dimensional objects

(including spheres, spheroids, hemispheres, cubes, etc.)

submerged in air, water, oils, etc. Indeed, based on a com-

bination of approximate analytical treatments (boundary

layer flow), numerical and experimental studies, a reason-

able body of information has thus accrued thereby

enabling a priori estimation of the average Nusselt num-

ber for spheroids in Newtonian fluids, though this body of

knowledge is neither as extensive nor as coherent as that

for a sphere (Eslami and Jafarpur, 2012; Jafarpur and

Yovanovich, 1992; Lee et al., 1991; Martynenko and

Khramtsov, 2005; Yovanovich, 1987a; 1987b). Further-

more, suffice it to add here that the currently available

information relates to the simplest case of an unconfined

spheroid with constant fluid properties and negligible vis-
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cous dissipation, even in Newtonian media.

In contrast, very little information is available about the

free convection heat transfer from spheroids in non-New-

tonian fluids encountered in a broad spectrum of industrial

settings including polymer, food, pharmaceutical, biomed-

ical, energy, mineral and environmental engineering sec-

tors as well as for the development of suitable numerical

methods to model such fluids, e.g., see Berk (2009),

Bhowmick et al. (2014), Chhabra (2006), Chhabra and

Richardson (2008), Gupta et al. (2015) and Vasco et al.

(2014). While complex fluids of multiphase and high

molecular weight nature exhibit a range of non-Newtonian

characteristics including shear-dependent viscosity, yield

stress, visco-elasticity, etc. (Bird et al., 1987; Chhabra,

2006; Chhabra and Richardson, 2008; Macosko, 1994), it

is readily conceded that, in most steady state applications,

the momentum and heat transfer characteristics are mainly

influenced by shear-thinning viscosity (frequently mod-

elled as a power-law fluid) and yield stress (approximated

as Bingham plastics or Herschel-Bulkley fluids). Cur-

rently available results for spheres indicate that the shear-

thinning viscosity promotes heat transfer under most con-

ditions, namely, in free-, forced- and mixed-convection

regimes over and above the corresponding values in New-

tonian fluids otherwise under identical conditions pro-

vided there is a reasonable degree of convection present in

the system (Dhole et al., 2006; Nirmalkar and Chhabra,

2013; Prhashanna and Chhabra, 2010; Song et al., 2012;

Suresh and Kannan, 2012). This trend is also observed for

a range of two-dimensional shapes like circular, semi-cir-

cular, elliptical and square cylinders, for instance, e.g., see

refs. (Agarwal and Dhiman, 2015; Prhashanna and

Chhabra, 2011; Sasmal and Chhabra, 2011). In contrast,

the influence of the fluid yield stress varies from one flow

regime to another. Thus, for a sphere, the rate of heat

transfer bears a positive dependence on the Bingham num-

ber (dimensionless yield stress) in the forced- and aiding-

buoyancy mixed convection regimes (Nirmalkar et al.,

2013a; 2014a). This is ascribed to the sharpening of the

temperature gradients present in the shrinking fluid-like

region in the proximity of the heated sphere. On the other

hand, in the free convection regime, the value of the

Nusselt number for a sphere progressively decreases with

the increasing Bingham number from its maximum value

in Newtonian fluids (Bn = 0) to the conduction limit,

 (Bn → ∞) (Nirmalkar et al., 2014b). This trend

is also observed for scores of two-dimensional shapes

(Nirmalkar et al., 2014c; Patel and Chhabra, 2016) and for

hemispheres (Nalluri et al., 2015; Patel et al., 2015). Such

adverse influence of the fluid yield stress on heat transfer

can be alleviated to some extent by superimposing shear-

thinning viscosity, as shown for a sphere (Nirmalkar et al.,

2013b). The analogous information for spheroids in shear-

thinning and yield stress fluids is indeed very limited,

especially in the free convection regime. The limited lit-

erature on forced convection in power-law fluids from an

isothermal spheroid has been summarized by Kishore and

Gu (2011a) and Sreenivasulu et al. (2014). The effect of

blockage (up to 50%) in power-law fluids has also been

studied by Kishore and Gu (2011b) and Reddy and Kishore

(2014). The role of confinement is also modulated by the

values of power-law index (n) and severity of blockage.

The resulting trends are qualitatively similar to that reported

for a sphere (Song et al., 2010). There has been only one

study on free convection in power-law fluids from an iso-

thermal spheroid (Gupta et al., 2014). These authors not

only reviewed the pertinent literature for free convection

heat and mass transfer from spheroids in Newtonian flu-

ids, but also reported extensive numerical results for New-

tonian and power-law fluids spanning the values of the

Prandtl number up to 100. Subsequently, this has been

extended to the aiding-buoyancy mixed convection regime

(Gupta and Chhabra, 2016a). The heat transfer was shown

to be facilitated by shear-thinning fluid behaviour in both

instances. As far as known to us, only Gupta and Chhabra

(2014; 2016b) have studied forced- and mixed-convection

heat transfer from spheroids in Bingham plastic fluids and

there has been no corresponding study for free convection.

Also, it is worthwhile to add here that most of the pre-

ceding studies dealing with spheres and spheroids in vis-

coplastic and power-law fluids are based on the assump-

tions of the constant fluid properties and negligible vis-

cous dissipation. The present study aims to address some

of these gaps in the current literature.

In particular, the coupled governing equations for the

laminar free convection from an isothermal spheroid in

Bingham plastic fluids have been solved to elucidate the

role of rheological properties and body shape on the

buoyancy-induced flow over wide ranges of conditions

as: Rayleigh number, ; Prandtl number,

; Bingham number, ; and aspect

ratio, . While bulk of the results reported

herein are based on the assumptions of the constant fluid

properties and negligible viscous dissipation, limited pre-

dictions are also included here to elucidate the effects of

these two simplifying assumptions on the average Nusselt

number.

2. Problem Formulation and Governing Equations

Since the configuration studied herein is identical to that

considered in our recent studies, it is described only in

brief here (Gupta and Chhabra, 2014; 2016a; 2016b). The

unconfined flow condition is achieved here by placing the

spheroid at the centre of a concentric cylindrical shell of

diameter , Fig. 1a. The aspect ratio of the spheroid (e

= b/a) is varied as 0.2, 0.5, 1, 2 and 5 to embrace the

oblate (e < 1) to prolate (e > 1) shaped objects. Over the
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range of conditions considered here, the flow and tem-

perature fields are known to be steady, laminar and

axisymmetric in Newtonian fluids (Martynenko and

Khramtsov, 2005) and it is likely to be so here due to the

additional stability of flow imparted by the fluid yield

stress. Thus, the simulations have been performed only in

half domain to reduce the required computational effort.

The spheroid is maintained at a constant temperature

Tw(> ) and the surrounding quiescent Bingham plastic

fluid at temperature . Since the maximum temperature

difference  in this work is only 5 K, the

thermo-physical properties of the fluid (k, μB, cp, τ0) are

assumed to be temperature-invariant and thus, can be eval-

uated at the reference temperature , though limited

results are included here to ascertain the effect of this

assumption. The familiar Boussinesq relation is used to

approximate the linear dependence of the fluid density on

temperature over the narrow range of temperature differ-

ence considered in this work, i.e., = .

In free convection heat transfer, the momentum and

energy equations are coupled via the body force and vis-

cous dissipation terms even if the properties are assumed

to be constant. Within the framework of these simplifying

assumptions, the mass, momentum and energy equations

can be expressed in their non-dimensional forms as:

Continuity equation:

.  (1)

Momentum equation:

 (2)

where ey is the unit vector in y-direction.

Thermal energy equation:

.  (3)

Over the range of conditions considered herein, the

maximum value of the Brinkman number, Br = μB /

 was found to be ~ 0.001 << 1 and this makes

the coefficient  ~ 10−5, in Eq. (3), for the low-

est values of Ra and Pr used in this work. Thus, the vis-

cous dissipation effects have been neglected in this work.

However, limited results are also included here to ascer-

tain the role of the Brinkman number on the overall heat

transfer characteristics.

For an incompressible fluid, the extra stress tensor (τ) is

written as:

 (4)

where η is the scalar viscosity function and  is the rate

of deformation tensor which is defined as follows:

.  (5)

The magnitudes of the extra stress and rate of deforma-

tion tensors are given as:

,  (6a)

.  (6b)

For Bingham plastic fluids, the extra stress tensor (τ) is

written as:

, if ,  (7a)

 , if .  (7b)
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Fig. 1. (Color online) (a) Schematics of the problem and com-

putational domain. (b) Typical mesh structure used in present

study.
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Clearly, Eq. (7) is discontinuous and non-differentiable

at  and hence it cannot be implemented directly in

a numerical scheme. Currently, three regularization appro-

aches are used to circumvent this difficulty, namely, expo-

nential (Papanastasiou, 1987), bi-viscous fluid (O’Dono-

van and Tanner, 1984) and Bercovier and Engelman

(1980). Each of these approximates the unyielded sub-

regions by assigning to it either a very high value of vis-

cosity or vanishing small values of . Their success thus

hinges on a suitable choice of the single regularization

parameter (m, μy/μB or λ) and evidently large values of m

or μy/μB and small values of λ are required to approximate

the Bingham fluid behaviour as closely as possible.

Detailed discussions on the relative merits and demerits of

these approaches are available elsewhere (Glowinski and

Wachs, 2011; Mitsoulis, 2007; Mitsoulis and Tsamopou-

los, 2017) and this issue is also revisited later in this study.

Within the framework of these regularization schemes, the

scalar viscosity function, η is given as:

• Exponential model (Papanastasiou, 1987):

. (8)

• Bi-viscosity model (O’Donovan and Tanner, 1984):

, for ,  (9a)

, for .  (9b)

• Bercovier and Engelman model (Bercovier and Engel-

man, 1980):

.  (10)

Finally, the aforementioned governing equations were

rendered dimensionless using 2a and Uc  as

the characteristic linear and velocity scales respectively.

Thus, the corresponding consistent scales for the pressure

and stress components are given as  and 

respectively. The dimensionless fluid temperature is

defined as . In the present case, the

velocity and temperature fields are functions of the four

dimensionless groups, namely, Rayleigh number (Ra),

Prandtl number (Pr), Bingham number (Bn) and aspect

ratio (e).

The problem statement is completed by specifying the

boundary conditions as follows:

• On the surface of the spheroid: Vx = 0, Vy = 0 and

ξ = 1;

• At the upper and lower half of the cylindrical fluid

envelope: Zero stress condition for flow and ξ = 0 is

used for temperature;

• At the plane of symmetry (x = 0): , 

and .

Finally, the numerical solution of the governing Eqs. (1),

(2), and (3) together with the aforementioned boundary

conditions maps the flow domain in terms of the primitive

variables (V − p − ξ) which are post processed to deduce

the local and global quantities like surface pressure coef-

ficient, Nusselt number, etc. as described in our recent

studies (Gupta and Chhabra, 2014; 2016a; Nirmalkar et

al., 2014b; 2014c; Patel and Chhabra, 2016).

3. Solution Methodology and Choice of Compu-
tational Parameters

Since detailed descriptions of the numerical solution

procedure employed here are available in some of our

recent studies (Gupta and Chhabra, 2014; 2016a; Nir-

malkar et al., 2014b; 2014c; Patel and Chhabra, 2016),

only the key points are recapitulated here. Broadly, the

finite element method based Comsol Multiphysics® (ver-

sion 4.3a) with a linear direct solver (PARDISO) was used

for both meshing and solving the governing differential

equations in terms of the primitive variables. A steady,

axisymmetric and single phase laminar model was incor-

porated with an additional physics of heat transfer in flu-

ids. The effective viscosity for the Bingham fluid model

was calculated via a user defined function (UDF). A rel-

ative convergence criterion of 10−6 was employed for the

momentum and energy equations. Further reduction in this

value produced negligible changes in the resulting values

of the drag and Nusselt number.

In line with our recent studies (Gupta and Chhabra,

2014; 2016a; Gupta et al., 2014), the value of  was

systematically varied from 50 to 200. The values of 

= 100 for  and  = 150 for e = 0.2 were found

to be sufficient to approximate the unbounded flow con-

dition over the range of conditions spanned here. The use

of domains larger than these altered the results by less

than ± 0.5%. Similarly, a numerical mesh was selected for

each value of e corresponding to the maximum value of

Ra = 106 and for the extreme values of Prandtl number (Pr

= 20, 100) and Bingham number (Bn = 0, 103). Three

numerical grids were created, namely, G1, G2 and G3 for

this purpose (Table 1) whereas a typical grid is shown in

Fig. 1b. An examination of the results summarized in

Table 1 suggests the grid G2 to be sufficient to resolve

thin boundary layers under such extreme conditions. The

smallest cells in grid G2 are of the order of δ/2b = 0.018,

0.008, 0.005, 0.004 and 0.003 for e = 0.2, 0.5, 1, 2 and 5

respectively, leading to the total degrees of freedom of the

order of 333,000 for extreme values of e. Figure 2 pres-

ents additional justification for the use of grid G2. Finally,
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Table 1. Grid independence test at Ra = 106.

Pr e Grid Np
* NE

*
CD CDP Nu

Bn = 0 Bn = 103 Bn = 0 Bn = 103 Bn = 0 Bn = 103

20

0.2

G1 150 58619 0.1912 29.756 0.1661 25.873 18.602 2.6707

G2 300 108284 0.1911 29.741 0.1661 25.923 18.611 2.6727

G3 500 196508 0.1910 29.735 0.1661 25.955 18.617 2.6738

1

G1 150 57812 0.2840 82.426 0.1105 53.889 19.436 2.0142

G2 300 108306 0.2837 82.317 0.1106 54.029 19.434 2.0165

G3 500 195132 0.2835 82.273 0.1106 54.091 19.433 2.0175

5

G1 150 58212 1.3593 204.31 0.0595 59.712 14.704 1.0918

G2 300 108484 1.3471 201.12 0.0540 59.834 14.622 1.0969

G3 500 195262 1.3454 200.93 0.0539 59.853 14.613 1.0977

100

0.2

G1 150 58619 0.1911 31.938 0.1651 25.681 19.197 2.6707

G2 300 108284 0.1910 31.925 0.1651 25.734 19.205 2.6727

G3 500 196508 0.1910 31.921 0.1651 25.768 19.211 2.6738

1

G1 150 57812 0.2923 127.59 0.1109 64.732 20.060 2.0141

G2 300 108306 0.2919 127.45 0.1110 65.005 20.054 2.0165

G3 500 195132 0.2918 127.40 0.1110 65.029 20.053 2.0174

5

G1 150 58212 1.4187 412.74 0.0541 94.332 15.098 1.0916

G2 300 108484 1.4098 410.59 0.0537 94.859 15.084 1.0964

G3 500 195262 1.4080 410.23 0.0537 94.919 15.073 1.0972

*corresponds to values for the half computational domain. 

The results reported in this work are based on the grid corresponding to the highlighted case.

Fig. 2. (Color online) Effect of mesh size on the variation of pressure coefficient and local Nusselt number over the surface of the spher-

oid at Ra = 106.
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the effect of m on the prediction of yield surfaces, local

Nusselt number and the drag and Nusselt number is

shown in Fig. 3 and Table 2. The yield surfaces were

delineated here using the von Mises criterion in the range

10−7-10−6 (Macosko, 1994). The results are seen to change

negligibly for m ≥ 5 × 106. Limited results were also

Fig. 3. (Color online) Influence of regularization parameters (m, μy/μB or λ) at Ra = 10
6
 and Bn = 50: (a) Size and location of yield

surfaces. and (b) distribution of local Nusselt number over the surface of the spheroid.

Table 2. Effect of regularization parameter (m) on drag and Nusselt number at Ra = 106.

e m
CD CDP Nu

Bn = 10 Bn = 50 Bn = 102 Bn = 10 Bn = 50 Bn = 102 Bn = 10 Bn = 50 Bn = 102

Pr = 20

0.2

106 1.0834 5.4212 10.475 1.0160 5.1283 9.9105 5.9568 2.6738 2.6729

5 × 10
6

1.0829 5.4209 10.531 1.0154 5.1280 9.9639 5.9463 2.6728 2.6727

107 1.0828 5.4187 10.522 1.0153 5.1258 9.9550 5.9451 2.6727 2.6727

5

106 2.0029 9.0485 21.238 0.1303 1.9498 7.0778 6.0852 1.3490 1.1875

5 × 10
6

2.0052 8.9312 21.592 0.1322 1.8367 7.4325 6.0890 1.2623 1.1209

107 2.0059 8.9007 21.630 0.1328 1.8291 7.4712 6.0901 1.2526 1.1204

Pr = 100

0.2

106 2.4033 11.495 18.385 2.2704 10.872 17.251 2.7610 2.6734 2.6728

5 × 10
6

2.3980 11.589 18.871 2.2657 10.963 17.730 2.6816 2.6727 2.6727

10
7

2.3976 11.583 18.930 2.2654 10.957 17.790 2.6771 2.6727 2.6727

5
106 3.8775 23.549 47.310 0.5020 7.7194 15.686 3.3980 1.2312 1.1758

5 × 10
6

3.8811 24.529 51.251 0.5052 8.6999 19.615 3.3020 1.1205 1.1004

10
7

3.8822 24.561 51.351 0.5062 8.6932 19.623 3.3031 1.1202 1.1001

The results reported in this work are based on the value of m corresponding to the highlighted case.
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obtained using the bi-viscous, Eq. (9), and Bercovier and

Engelman, Eq. (10), approaches, and the predictions of the

three regularization techniques are summarized in Fig. 3

and Table 3. The three independent results are seen to be

virtually indistinguishable from each other. This suggests

the possibility of using any of these three schemes with a

suitable choice of the regularization parameter (m ≥ 5 × 106,

μy/μB ≥ 105 and λ ≤ 10−9) to obtain reliable results. Suffice

it to say here that these values are generally superior than

that used in the literature for similar flows (Mitsoulis and

Tsamopoulos, 2017). In summary, the numerical results

reported in this study are based on the following values:

= 100 for e ≥ 0.2 and = 150 for e = 0.2;

grid G2 and m = 5 × 106. Additional support for these

choices is presented in the next section where a few

benchmark comparisons are shown using the aforemen-

tioned computational parameters.

4. Results and Discussion

In this study, extensive new results on the laminar free

convection from spheroids in Bingham plastic fluids are

presented and discussed over the following ranges of

parameters: 102 ≤ Ra ≤ 106, 20 ≤ Pr ≤ 100, 0 ≤ Bn ≤ 103,

and 0.2 ≤ e ≤ 5. While bulk of the results have been

obtained using the constant thermo-physical properties

assumption (ΔTmax ≤ 5K) and in the absence of viscous

dissipation effects (Br ≤ 0.001), limited results are includ-

ed here in Sections 4.5.2 and 4.5.3 to elucidate the effects

of the temperature-dependent viscosity and Brinkman

number.

4.1. Validation 
Since extensive benchmark comparisons for free con-

vection from a sphere in Newtonian, power-law and Bing-

ham plastic fluids and for forced convection from a

spheroid have been presented elsewhere (Gupta and Chhabra,

2016a; 2016b; Gupta et al., 2014), these are not repeated

here. Similarly, the present results for the Nusselt number

are found to be within 5-6% of the scant experimental

results (Jafarpur and Yovanovich, 1992), approximate

boundary layer predictions (Eslami and Jafarpur, 2012)

and with a phenomenological semi-empirical expression

for spheroids in Newtonian fluids as shown in our previ-

ous study on power-law fluids (Gupta et al., 2014) and in

Fig. 4a. In the limit of Ra → 0 and/or Bn → ∞, one would

expect the conduction limit to be reached. Indeed, the

present values of the conduction Nusselt number are within

1% of that reported by Eslami and Jafarpur (2012) and

Jafarpur and Yovanovich (1992). Similarly, the present

results of the local Nusselt number for a sphere (e = 1) in

Bingham plastics are in complete agreement with that of

Nirmalkar et al. (2014b), Fig. 4b. Aside from these specific

benchmark comparisons, limited results were also obtained

for free convection in Bingham media in a square duct and

these were found to be in excellent agreement with that of

Turan et al. (2010; 2011) and these are not shown here for

the sake of brevity. Based on these comparisons coupled

with our past experience, the new results reported herein

are regarded to be reliable to within ~ 2% or so.

4.2. Delineation of yield surfaces
Depending upon the magnitude of the stress tensor at a

D
∞
/2b D

∞
/2b

Table 3. Drag and Nusselt number predictions of different regularization techniques at Pr = 100.

Ra Bn
(m = 5 × 106) (μy/μB = 105) (λ = 10−9)

CD CDP Nu CD CDP Nu CD CDP Nu

e = 0.2

10
4

0.1 0.831 0.702 7.097 0.831 0.702 7.097 0.831 0.701 7.097

0.5 1.417 1.274 4.827 1.417 1.274 4.827 1.415 1.274 4.826

1 2.40 2.266 2.673 2.399 2.266 2.673 2.399 2.265 2.673

10
6

1 0.340 0.311 12.53 0.340 0.310 12.53 0.340 0.311 12.53

5 1.211 1.137 5.417 1.210 1.136 5.416 1.211 1.136 5.415

10 2.398 2.266 2.682 2.398 2.265 2.676 2.397 2.265 2.678

e = 5

104

0.1 4.671 0.207 5.105 4.671 0.207 5.103 4.670 0.207 5.103

0.5 4.790 0.293 3.915 4.789 0.293 3.915 4.789 0.293 3.914

1 5.727 0.555 2.930 5.727 0.555 2.930 5.725 0.555 2.929

106

1 1.383 0.0555 11.99 1.383 0.0554 11.99 1.383 0.0555 11.99

5 2.154 0.156 5.622 2.154 0.156 5.621 2.153 0.156 5.621

10 3.882 0.506 3.303 3.882 0.506 3.302 3.881 0.506 3.302
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point vis-a-vis the fluid yield stress, a Bingham fluid does

not yield everywhere in the flow domain (Balmforth et al.,

2014). Indeed, the flow domain is characterized by a com-

plex size and shape of solid-like regions, depending upon

the values of the Rayleigh number (promotes fluid yield-

ing) and Bingham number (suppresses fluid yielding),

inter-dispersed with the fluid-like zones. Naturally, heat

transport occurs by conduction in solid-like domains and

by convection in fluid-like regions. In steady state situa-

tions, conduction could thus be the overall limiting step.

Figures 5a and 5b show representative morphologies of

the yield surfaces (right half) and iso-stress contours (left

half) for a range of combinations of Ra, e, Bn, and Pr.

Qualitatively, these results are similar to that reported for

a sphere (Nirmalkar et al., 2014c), but the aspect ratio or

the shape of the spheroid is seen to have a significant

influence on the size of the unyielded regions. Note that

these results relate to the range of the Grashof number

from Gr = 10 (weak flow) to Gr = 104 (strong flow). How-

ever, strictly speaking, the results shown in these figures

correspond to constant stress (scaled using μBUc/2a) con-

tours due to the intrinsic approximations inherent in the

regularized Bingham model. Furthermore, while this ap-

proach yields acceptable values of the integral quantities

like drag coefficient and Nusselt number, but it does not

necessarily resolve the velocity and stress fields entirely

satisfactorily. The velocity field in the (Figs. 6a and 6b) so

called yielded regions were examined in a few cases. The

dimensionless axial velocity is seen to increase with the

Grashof number, value of e but it shows a dramatic

decrease with Bingham number. While these values are

seen to be extremely small, of the order of 10−8~10−7, but

are not exactly zero. Typical variation of the x- and y-

components of the velocity in the banana shaped yielded

region at the side of the object (bottom left most case in

Fig. 5a) is shown in Figs. 7a, 7b, and 7c along arbitrary

vertical and horizontal lines inside this region. The verti-

cal velocity is seen to decay rather rapidly in the x-direc-

tion (Fig. 7c) whereas it increases rapidly from beneath

the object due to the buoyancy-induced flow, close to the

object it decreases and peaking again exactly at y = 0 (Fig.

7a). The horizontal velocity (Fig. 7b) is virtually zero

everywhere except for a weak flow along the horizontal

axis of the object. Furthermore, the corresponding stress

values in this region are only slightly above the yield

stress. Therefore, these results are really at the edge of the

yielded/unyielded interface within the framework of the

regularized Bingham model and must be treated with

reserve. Similarly, typical velocity values were examined

in the flow domain. These values (nondimensionalised)

ranged from ~ 0 to 1.751. Broadly, the buoyancy-induced

fluid velocity increased with the increasing Ra and/or the

value of e, i.e., with the reducing cross-sectional area of

the object transverse to the direction of gravity. Notwith-

Fig. 4. (a) Comparison of average Nusselt number (based on

square root of area) for spheroids in air (Pr = 0.72) with the

available literature. (b) Validation of the distribution of local

Nusselt number over the sphere surface (e = 1) with that of Nir-

malkar et al. (2014b). Symbols show the present results.
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standing the aforementioned limitations and the velocity

profiles seen above, the key trends can be summarized as

follows: As noted above, broadly speaking, the increasing

Ra or Gr promotes fluid yielding and thus the overall heat

transfer should bear a positive dependence on these

parameters. The increasing Bingham number counters this

propensity and therefore, fluid yield stress is expected to

have a deleterious effect on heat transfer. Similarly, for

blunt shapes (e = 0.2 and e = 0.5, for instance), once the

entrained cold fluid from beneath the heated object strikes

the surface, it flows horizontally along the surface by dif-

fusion (weak flow) before the gravity comes into action at

the edge of the spheroid. One would thus expect larger

chunks of unyielded material in this case than that for a

slender configuration (e = 2 and e = 5, for instance). Indeed,

this conjecture is well supported by the trends seen in

Figs. 5a and 5b. While this aspect would tend to augment

heat transfer for a slender shape (e > 1), this tendency is

countered by the increasing boundary layer thickness

along the vertical axis of the object of this shape. Thus,

the overall heat transfer is determined by these two com-

peting  mechanisms. As will be seen later, indeed the latter

Fig. 5. (a) (Color online) Stress contours (left half) and yield surfaces (right half) close to the spheroids at Ra = 10
3
 and 10

6
 at Pr = 20.
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mechanism dominates here and thus the corresponding

rate of heat transfer is lower for a slender shape (e > 1)

than that for the blunt shape (e < 1) otherwise under iden-

tical conditions, i.e., same values of Ra, Pr and Bn. Indeed,

these assertions are also well supported by the correspond-

ing streamline and isotherm contours (not shown here for

the sake of brevity) adjacent to the spheroids. Also, the

aforementioned hypothesis concerning the effects of Ra,

Pr, Bn, and e on the overall heat transfer is borne out by

the values of the local and average Nusselt number pre-

sented in the next section.

From another vantage point, it is thus reasonable to pos-

tulate that, for given values of Ra, Pr, and e, there must

exist a limiting value of the Bingham number (Bnmax)

when the fluid is unyielded everywhere in the flow domain.

This corresponds to the fully plastic limit and under these

Fig. 5. (b) (Color online) Stress contours (left half) and yield surfaces (right half) close to the spheroids at Ra = 103 and 106 at Pr = 100.
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conditions, the fluid yield stress effects dominate the flow

field and no flow occurs. Generally, for a fixed Prandtl

number, the value of Bnmax increases with the increasing

Rayleigh number (i.e., Grashof number). Also, these val-

ues seem to be lower for blunt (e < 1) than that for slender

(e > 1) configurations in line with trends seen in Fig. 5.

Thus, for instance, for Ra = 100, extremely small values

of Bingham number are needed to suppress the feeble

buoyancy-induced flow. Conversely, heat transfer occurs

solely by conduction for Bn ≥ Bnmax. This issue is revisited

later following the discussion of the Nusselt number

results in the next section.

4.3. Temperature profiles
Some further insights can be gained by examining the

spatial decay of temperature fields in the lateral and trans-

verse directions. Figure 8 shows representative results on

the spatial decay of temperature field for a range of com-

binations of Ra, Pr, Bn, and e. The relatively slower decay

of temperature for blunt shapes (e < 1) than that for slen-

Fig. 6. (a) (Color online) Axial velocity contours close to the spheroids at Ra = 103 and Pr = 20 (left half); Pr = 100 (right half).
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der shapes (e > 1) in both directions is immediately obvi-

ous. This suggests thicker thermal boundary layer (more

thermal resistance) for oblates than that for prolates, in

line with the discussion in the preceding section. The rate

of temperature decay is also impeded by the increasing

Bingham number in both cases. This is simply due to the

expanding unyielded regions in the flow domain. This is

tantamount to diminishing temperature gradient on the

surface of the spheroid whereas these slopes are sharpened

with the increasing Rayleigh or Grashof number. Thus, the

local Nusselt number should decrease with the increasing

Bingham number and it should increase with the Rayleigh

(Grashof) number. At the limiting value of Bn, the tem-

perature profile coincides with that for pure conduction

included in Fig. 8. In the axial direction, the effect of

Bingham number is reversed to that in the lateral direc-

tion. In this case, the fluid downstream is yielded every-

where in the domain for a Newtonian fluid and therefore,

the temperature decays rather slowly in this case. With the

increasing Bingham number, the momentum created by

Fig. 6. (b) (Color online) Axial velocity contours close to the spheroids at Ra = 106 and Pr = 20 (left half); Pr = 100 (right half).
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the buoyancy-induced current dissipates quickly due to the

expanding unyielded regions eventually reaching the pure

conduction limit. This leads to the sharpening of tempera-

ture gradient due to the gradual thinning of fluid-like cav-

ity adjacent to the spheroid. In this case also, the slender

(prolate) shapes, e > 1, suggest greater heat transfer than

the oblates (blunt) shapes, e < 1, at fixed values of Ra, Pr,

and Bn.

4.4. Distribution of local Nusselt number
Though the surface of the spheroid is isothermal, the

temperature gradient normal to the surface varies thus giv-

ing rise to the Nusselt number variation along the surface,

as shown in Fig. 9 for a range of combinations of condi-

tions. At the outset, it needs to be recognized here that in

the case of Newtonian fluids, the viscosity is constant and

therefore, the local Nusselt number is determined by the

temperature gradient at each point on the surface of the

spheroid. This temperature gradient is indirectly influ-

enced by the velocity field due to the coupling between

the velocity and temperature fields. In the case of Bing-

ham plastic fluids, this coupling is further accentuated by

virtue of the fact that the fluid viscosity also varies along

the surface of the spheroid. This implies that the local val-

ues of the Rayleigh and Prandtl numbers could be quite

different from those based on the global parameters. An

examination of Fig. 9 shows a significant influence of the

aspect ratio (e) also. Thus, for a blunt shape (e = 0.2), the

local Nusselt number is seen to be minimum at the front

stagnation point which varies a little along the surface

eventually going through a maximum value at the edge

where the streamlines and isotherms bend appreciably to

negotiate the shape of the spheroid. At low Grashof num-

bers, Fig. 9a, there is a fore and aft symmetry due to weak

advection. However, this symmetry is lost with the increas-

ing values of the Grashof number and/or the value of e.

These trends are qualitatively similar at e = 0.5. On the

other hand, for slender shapes (e = 2 and e = 5), the local

Nusselt number is seen to be maximum at the front stag-

nation point which gradually decreases along the surface,

akin to that inside a boundary layer along a vertical plate

and indeed the rate of drop is even greater for e = 5. An

adverse influence of the Bingham number on the Nusselt

number is thus expected and at Bn = Bnmax, the results

coincide with the conduction limit as expected.

As the Rayleigh number or Grashof number, Fig. 9b, is

increased, there are no new features observed except for

the fact that the Nusselt number increases with the Rayleigh

number. Some of this gain is offset by the blobs of un-

sheared material adhering at the stagnation points. Thus,

in summary, the dependence of the Nusselt number on the

Rayleigh number is modulated both by the shape of the

spheroid as well as by the value of the Bingham number.

Indeed, this effect manifests even in terms of the average

Nusselt number, as will be seen in the next section.

4.5. Average Nusselt number
Undoubtedly, the surface averaged values of the Nusselt

number are often required in process design calculations.

Fig. 7. (Color online) Typical variation of velocity components

at Ra = 103, Pr = 20, and e = 0.2.
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While bulk of the results included here are based on the

assumptions of the constant thermo-physical properties

and negligible viscous dissipation, limited results were

obtained for temperature-dependent Bingham viscosity

and for finite values of the Brinkman number to ascertain

the influence of these assumptions (sections 4.5.2 and

4.5.3). Therefore, this section is divided into three parts

for the sake of clarity.

4.5.1. Constant physical properties and no viscous dis-

sipation

Dimensional considerations suggest the average Nusselt

number to be a function of Ra, Pr, Bn, and e. This mul-

tivariable functional relationship is shown in Fig. 10a for

a range of values of the pertinent parameters. As noted

earlier, for a fixed values of Ra and e, the average Nusselt

number progressively decreases from its maximum value

Fig. 8. Spatial variation of temperature for a range of Bingham numbers: (a) Along x-coordinate and (b) along y-coordinate.
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in Newtonian fluids, with the increasing Bingham number

eventually attaining a limiting value (for Bn ≥ Bnmax) con-

sistent with the conduction limit. This trend is observed

for all values of Ra, Pr, and e. Also, the blunt shapes (e

< 1) are seen to promote heat transfer whereas the slender

(e > 1) shapes impede it which is in line with the preced-

ing discussion of local Nusselt number plots. The present

numerical values of the average Nusselt number are con-

solidated via the following expression:

Fig. 9. (Color online) Distribution of local Nusselt number over the surface of the spheroid for a range of Bingham numbers: (a) Ra =

103 and (b) Ra = 106.
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; for Bn < Bnmax, (11a)

; for . (11b)

The values of the fitted constants a1, b1, c1 and of 

are summarized in Table 4 for each value of e. Eq. (11)

reproduces ~ 2,500 numerical data points with an average

error of about 4% which rises to a maximum of ~ 25% for

the range of parameters considered here. Only 3% of the

data show deviations of more than 20% without any dis-

cernible trends. Furthermore, following the proposal made

in the literature (Karimfazli et al., 2016; Li et al., 2016),

1

1

1
max4

1

1

(1 )

b

c

Bn

Bn
Nu Nu a Ra

Bn
∞

⎛ ⎞
−⎜ ⎟

⎝ ⎠= +
+

Nu Nu
∞

=

max
Bn Bn≥

Nu
∞

Fig. 10. (Color online) (a) Influence of the Bingham number, Rayleigh number, Prandtl number, and aspect ratio on the average Nusselt

number. (b) Dependence of average Nusselt number on the composite parameter (Bn/Gr1/2). Unfilled symbols: Ra = 102; Filled symbols:

Ra = 106.
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one can employ the composite parameter ( ) to

develop a criterion for the onset of free convection in

Bingham plastic fluids. Naturally, beyond a critical value

of this parameter, the buoyancy-induced stress is unable to

overcome the yield stress effects and therefore convection

ceases thereby making way for conduction to take over.

The functional dependence of the average Nusselt number

on  is shown in Fig. 10b for the extreme values of

Ra, i.e., Ra = 102 and 106 and for three aspect ratios (e =

0.2, 1, and 5). Clearly, the present results are seen to

approach the conduction limit at about the same value of

= ~ 0.09, 0.15, 0.2, 0.5, and 1.1 for e = 0.2,

0.5, 1, 2 and 5 respectively, irrespective of the values of

Ra or Pr. Note here that these critical values of 

are dependent only on the shape of the particle. Thus, the

dependence of the limiting Bingham number on the

Rayleigh and Prandtl numbers, mentioned in section 4.2,

is embodied in the above-noted critical values of the com-

posite parameter . Similarly, one can introduce

the critical values of this parameter  when the

buoyancy-induced stress will be able to overcome the

fluid yield stress thereby enabling an object to settle in a

stationary fluid with density stratification. When the drag

force results are plotted against , these results

corresponding to different values of the Rayleigh and

Prandtl numbers collapse onto one curve. The critical val-

ues of  for initiating the settling are found to be

~ 0.069, 0.035, 0.015, 0.0047 and 0.0017 for e = 0.2, 0.5,

1, 2, 5 respectively. In view of the limited numerical data,

these values are based on interpolation and thus are not

very precise. But these can certainly be used as an approx-

imate guide.

4.5.2. Effect of viscous dissipation

In order to ascertain the role of viscous dissipation on

the average Nusselt number, the value of the Brinkman

number was varied in the range 0 ≤ Br ≤ 2. A summary

of representative results is presented in Table 5. Depend-

ing upon the formation of the unyielded regions and the

prevailing temperature field in the close proximity of the

solid surface, the rate of heat transfer may increase or

decrease with the Brinkman number, albeit the effect is

rather small. Evidently, the effect is seen to be maximum

in Newtonian (~ 15% for e = 5) fluids and it progressively

diminishes with Bingham number. The reduction in heat

transfer on this account can safely be attributed to the low-

ering of the effective temperature difference in Newtonian

fluids due to the additional heat generated. Thus, in sum-

mary, it is reasonable to neglect the viscous dissipation

effects in viscoplastic fluids, at least over the range of con-

ditions spanned here. An opposite trend was seen for all

values of  in the limit of small Bingham numbers (Bn

≤ 0.5, i.e., close to the Newtonian fluid behaviour) where

a marginal increase of ~ 1% in the Nusselt number was

observed.

4.5.3. Effect of temperature-dependent viscosity (ΔT
max

= 60 K)

Perhaps amongst all the thermophysical properties, the

Bingham plastic viscosity (μB) is the most temperature

sensitive one. Hence, all the other relevant properties have

been assumed to be constant, the temperature-dependence

of the viscosity was approximated by the following

expression (Christiansen et al., 1966; Hanks and Christian-

sen, 1961; Kwant et al., 1973):

Bn/ Gr

Bn/ Gr

Bn/ Gr( )crit

Bn/ Gr

Bn/ Gr( )crit

Bn/ Gr( )

Gr/Bn( )

Gr/Bn( )

e 1≤

Table 4. Values of constants used in Eq. (11).

e Nu∞ a1 b1 c1
% Error

Avg. Max.

0.2 2.633 0.518 1.136 0.411 2.6 14.7

0.5 2.431 0.565 1.255 0.386 3.5 22.1

1 2 0.562 1.575 0.313 3.2 24.1

2 1.546 0.523 2.78 0.347 4.8 25.6

5 1.076 0.445 4.024 0.343 4.7 24.9

Table 5. Effect of viscous dissipation on the average Nusselt number at Pr = 20.

Bn Br
Nu (e = 0.2) Nu (e = 1) Nu (e = 5)

Ra = 104 Ra = 106 Ra = 104 Ra = 106 Ra = 104 Ra = 106

0

0 7.7148 18.611 7.3989 19.434 5.3879 14.621

0.5 7.6987 18.572 7.3456 19.285 5.1958 14.118

1.0 7.6819 18.533 7.2913 19.135 5.0073 13.600

1.5 7.6646 18.494 7.2413 18.985 4.8138 13.071

2.0 7.6470 18.454 7.1795 18.847 4.6150 12.529

0.5

0 6.2865 16.755 6.0938 18.023 4.6322 13.970

0.1 6.2939 16.771 6.1017 18.014 4.6175 13.925

0.2 6.2999 16.781 6.1094 18.002 4.6023 13.867

0.4 6.3141 16.799 6.1356 17.967 4.5793 13.795

0.5 6.3227 16.809 6.1543 17.950 4.5518 13.709
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.  (12a)

This relationship can also be recast in terms of the two

parameters as ΔH#/RTw and ψ(H) = (ΔH#/RTw)( )

to rewrite it in terms of the viscosity ratio as

. (12b)

Here, the positive values of ψ(H) correspond to the case

 and the negative values denote the case .

In this work, the temperature of the spheroid was varied

from 305 K to 360 K and that of the surrounding fluid was

maintained at the fixed reference value of 300 K. Many

polymeric liquids of non-Newtonian nature show the val-

ues of ΔH# in the range 4-6 kcal/mole or so (Hanks and

Christiansen, 1961). Thus, it is reasonable to vary the val-

ues of ΔH#/RTw up to ~ 20 for the above specified tem-

perature range, as also used by others (Christiansen et al.,

1966; Hanks and Christiansen, 1961). The resulting pre-

dictions of the average Nusselt number for the tempera-

ture-dependent viscosity case are summarized in Table 6a

and 6b. Irrespective of the values of Ra, Pr, Bn, and e, the

rate of heat transfer was always observed to be higher for

temperature-dependent viscosity case than that for the

constant viscosity case. The effect increases with the

increasing values of ψ(H). This is simply due to the cor-

responding decrease in the fluid viscosity with tempera-

ture which leads to the concomitant increase in the local

Grashof number ( ) which promotes heat transfer;

some of this gain is, however, offset by the concomitant

decrease in the value of Prandtl number. The lowest and

highest values of the viscosity ratio  were found

to be ~ 0.05 and ~ 0.92 corresponding to the maximum

and minimum values of the temperature difference, i.e., at

#

expB ref

H

RT
µ µ

⎛ ⎞−Δ
= ⎜ ⎟

⎝ ⎠

Tw/T
∞

1–

[ ]exp ( )Bw

B

H
μ

ψ
μ

∞

=

Tw T
∞

> Tw T
∞

<

μB

2–
∝

μBw/μB∞( )

Table 6. (a) Effect of temperature-dependent viscosity (ΔTmax = 60 K) on the average Nusselt number at Ra = 10
4
 and Pr = 20.

Ψ(H)
Nu (e = 0.2) Nu (e = 1) Nu (e = 5)

Bn = 0 Bn = 0.5 Bn = 1 Bn = 0 Bn = 0.5 Bn = 1 Bn = 0 Bn = 0.5 Bn = 1

5

0.1 7.7797 6.3274 5.1562 7.4837 6.1482 5.1637 5.4579 4.6857 4.0615

0.2 7.8453 6.3681 5.1774 7.5698 6.2015 5.1951 5.5291 4.7367 4.0967

0.5 8.0456 6.4905 5.2399 7.8349 6.3630 5.2881 5.7493 4.8925 4.2026

1.0 8.3913 6.6951 5.3398 8.2968 6.6346 5.4374 6.1355 5.1590 4.3782

10

0.2 7.8449 6.3678 5.1773 7.5694 6.2013 5.1950 5.5287 4.7365 4.0958

0.5 8.0431 6.4890 5.2392 7.8324 6.3618 5.2874 5.7472 4.8913 4.2011

1.0 8.3815 6.6895 5.3370 8.2876 6.6299 5.4352 6.1280 5.1546 4.3746

2.0 9.0917 7.0738 5.5076 9.2486 7.1565 5.6993 6.9334 5.6878 4.7044

15 

0.5 8.0423 6.4885 5.2389 7.8315 6.3613 5.2872 5.7464 4.8909 4.2008

1.0 8.3780 6.6875 5.3359 8.2843 6.6283 5.4345 6.1252 5.1531 4.3737

2.0 9.0765 7.0667 5.5044 9.2357 7.1502 5.6967 6.9239 5.6822 4.7014

3.0 9.8365 7.4048 5.6354 10.237 7.6386 5.9083 7.7474 6.1943 4.9911

(b) Effect of temperature-dependent viscosity (ΔTmax = 60 K) on the average Nusselt number at Ra = 106 and Pr = 20.

Ψ(H)
Nu (e = 0.2) Nu (e = 1) Nu (e = 5)

Bn = 0 Bn = 1 Bn = 3 Bn = 0 Bn = 1 Bn = 3 Bn = 0 Bn = 1 Bn = 3

5

0.1 18.841 15.414 11.115 19.732 17.025 12.935 14.858 13.539 11.165

0.2 19.074 15.556 11.164 20.034 17.250 13.049 15.099 13.743 11.299

0.5 19.789 15.985 11.305 20.970 17.938 13.387 15.846 14.371 11.703

1.0 21.031 16.697 11.512 22.611 19.116 13.927 17.160 15.460 12.378

10

0.2 19.073 15.556 11.164 20.033 17.249 13.049 15.098 13.742 11.298

0.5 19.782 15.982 11.305 20.962 17.933 13.385 15.839 14.366 11.700

1.0 21.006 16.685 11.512 22.581 19.099 13.923 17.136 15.442 12.370

2.0 23.590 18.038 11.827 26.014 21.459 14.883 19.910 17.656 13.658

15 

0.5 19.779 15.981 11.305 20.959 17.931 13.385 15.837 14.364 11.699

1.0 20.997 16.681 11.512 22.570 19.092 13.921 17.127 15.436 12.368

2.0 23.553 18.021 11.828 25.975 21.436 14.878 19.880 17.635 13.649

3.0 26.270 19.248 12.030 29.495 23.699 15.654 22.700 19.772 14.777

ΔH
#

RTw

----------

ΔH
#

RTw

----------
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60 K and 5 K used in this work respectively. However, the

increase in the values of the average Nusselt number with

ψ(H) was higher for Newtonian fluids (Bn = 0) than that

seen in Bingham plastic fluids. This can be ascribed to the

partial yielding of the fluid and the role of conduction in

the latter case. Irrespective of the value of e, this depen-

dence is well captured by the familiar form of the viscos-

ity correction factor as

.  (13)

In Eq. (13), Nuvv and Nucv are the Nusselt numbers for

temperature-dependent and the constant viscosity (base

case in this study) conditions respectively. Thus, the Nus-

selt number for the temperature-dependent viscosity can

be estimated simply by multiplying the value estimated

using Eq. (11) by the correction factor of 

which yields the maximum deviation of only about ± 5%

when compared with the results shown in Table 6a and 6b.

Therefore, the magnitude of this correction is strongly

dependent on the values of ψ(H) and ΔH#/RTw which will

vary from one substance to another. In summary, one must

always check the validity of the constant properties

assumption in each application.

Before closing, it is worthwhile to review the major sim-

plifications made in this study. The most important of all

is the use of regularized Bingham model instead of its dis-

continuous form. Much has been written about this issue

in the literature, e.g., see Frigaard and Nouar (2005),

Glowinski and Wachs (2011), Liu et al. (2002), Mitsoulis

and Tsamopoulos (2017), Saramito and Wachs (2017), etc.

It is now generally believed that the Papanastasiou regu-

larization, Eq. (8), denotes the best approximation to the

true Bingham model. However, a suitable choice of m

(large value) ensures a satisfactory resolution of the veloc-

ity field, but not of the corresponding stress field. In other

words, as the magnitude (second invariant) of the stress at

a point in the domain approaches the value of the fluid

yield stress, the effectiveness of even this regularization

deteriorates rather rapidly and significantly. While such a

loss of precision possibly does not impact significantly the

values of the integral parameters (like drag coefficient and

Nusselt number), it can lead to inaccurate prediction of the

yield-surfaces. Some improvement can be achieved by

gradually increasing the value of m, but this approach is

also fraught with numerical difficulties in terms of the

increasing stiffness of the coefficient matrix, convergence,

etc. (Baranwal and Chhabra, 2017; Dimakopoulos et al.,

2013; Mitsoulis and Tsamopoulos, 2017; Tsamopoulos et

al., 2008) and other mathematical issues like leading to a

badly conditioned boundary value problem, etc. (Glow-

inski, 2003). However, the correspondence between the

predictions for a sphere and a bubble using the regularized

and unregularized Bingham model has been discussed in

detail by Mitsoulis and Tsamopoulos (2017). They con-

cluded the agreement to be satisfactory for moderate val-

ues of the Bingham number by using the value of m = 106.

Similarly, Huilgol and Kefayati (2015) compared the pre-

dictions for free convection flow in a cavity using the reg-

ularized form (Turan et al., 2010) and their own results

based on the unregularized form of the Bingham model.

The two predictions began to deviate from each other at

Bn ~ 3. This discussion clearly shows that while the reg-

ularization approach yields satisfactory predictions for

“small to moderate” values of the Bingham number, i.e.,

the precision is gradually lost with the increasing Bingham

number. Naturally the domain of validity (value of Bing-

ham number) of the Papanastasiou regularization will vary

from one application to another and cannot be predicted a

priori. Thus, in summary, the results reported herein are

more accurate at small Bingham numbers than that at high

Bingham numbers, especially in terms of the shape and

location of the so-called yield surfaces; thus the results

shown in Fig. 5 must be treated with reserve. The perfor-

mance of the Papanastasiou regularization also deterio-

rates for unsteady flows and/or in the context of stability

analysis of flows, etc. (Frigaard and Nouar, 2005; Liu et al.,

2002).

5. Conclusions

In this study, the laminar free convection in Bingham

plastic fluids from isothermal spheroids has been investi-

gated numerically to delineate the effects of fluid yield

stress and particle shape over the following ranges of con-

ditions: Rayleigh number, ; Prandtl num-

ber, ; Bingham number,  and

aspect ratio of the spheroid, . Extensive results

on yielded/unyielded sub-regions, temperature profiles,

local and average Nusselt numbers have been discussed in

detail. Indeed, depending upon the values of Ra, Pr, Bn,

and e, a wide range of shapes of yield surfaces (approx-

imated here by constant stress contours) are obtained.

Broadly, fluid yielding is facilitated by Rayleigh number

and suppressed by Bingham number. This relationship,

however, is strongly modulated by the shape of the spher-

oid. For fixed values of Ra, Pr and e, there exists a lim-

iting value of the Bingham number beyond which no

yielding occurs and conduction is the only mode of heat

transfer. A dimensionless criterion in terms of 

is presented for the cessation of convection which is only

dependent on the shape of the spheroid. Therefore, one

can safely use the conduction value of the Nusselt number

for . Furthermore, the rate of heat

transfer is enhanced for shapes corresponding to e < 1 oth-

erwise under identical conditions. In general, the average

Nusselt number gradually decreases with the Bingham
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number from its maximum value in Newtonian fluids (Bn

= 0) to its minimum value commensurate with the con-

duction limit. Based on 2500 individual results, a predic-

tive correlation has been developed for the average Nusselt

number in terms of Ra, Pr, and Bn for the range of particle

shapes (e) which includes the limiting cases of a Newto-

nian fluid (Bn = 0) and a sphere (e = 1). This equation also

retains the familiar scaling of , typical of New-

tonian fluids. Also, the present results suggest only a

minor effect of viscous dissipation which is modulated by

the values of e and Bn, but it is reasonable to neglect this

effect in Bingham plastic fluids. Similarly, the tempera-

ture-dependent viscosity can have significant effect on the

Nusselt number which is well captured by the familiar

correction factor of ~ . Finally, an approxi-

mate criterion in terms of  is proposed which

can be used to predict a priori whether or not a spheroid

can settle due to the buoyancy-induced stress in a station-

ary medium.
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List of Symbols

a : Equatorial semi-axis (normal to flow) (m)

Ap : Projected area of spheroid normal to flow ( ),

(m2)

b : Polar semi-axis (parallel to flow) (m)

Br : Brinkman number  (dimen-

sionless)

Bn : Bingham number  (dimension-

less)

Bnmax : Limiting Bingham number for the conduction

limit (dimensionless)

CD : Drag coefficient (dimensionless) 

CDP : Pressure or form drag coefficient (dimension

less) 

Cp : Pressure coefficient (dimensionless) 

( )
cp : Specific heat of fluid 

: Diameter of cylindrical computational domain (m)

e : Aspect ratio of spheroid (dimensionless) ( )

FD : Total drag force (N)

FDP : Pressure component of drag force (N)

Gr : Grashof number (dimensionless) 

k : Thermal conductivity of fluid 

m : Regularization parameter used in Papanastasiou

model (Eq. (8)) (dimensionless)

NE : Total number of elements in the computational

domain (dimensionless)

Np : Number of grid points on the surface of spher-

oid (dimensionless)

Nu : Average Nusselt number (dimensionless) 

Nuθ : Local Nusselt number (dimensionless) ( )

: Average Nusselt number in the limit of conduc-

tion (dimensionless)

p : Pressure (Pa)

pref : Reference pressure (taken as zero here) (Pa)

Pr : Prandtl number (dimensionless) ( )

R : Gas constant 

Ra : Rayleigh number (dimensionless) 

S : Surface area of spheroid (m2)

T : Fluid temperature (K)

: Temperature of the cold fluid far away from the

spheroid (K)

Tw : Temperature on the surface of spheroid (K)

u, v : x- and y- components of  velocity (m·s−1)

Uc : Characteristic fluid velocity (m·s−1) 

V : Velocity vector (dimensionless)

x, y : Cartesian coordinates fixed at the centre of

spheroid (m)

Greek Symbols

β : Volumetric expansion coefficient (K−1)

: Rate of deformation tensor (dimensionless)

δ : Minimum grid spacing on the surface of spher-

oid (m)

ΔH# : Activation energy for flow used in Eq. (13a)

(J·mole−1)

η : Apparent viscosity of fluid (dimensionless)

ψ(H) : Parameter used in Eq. (13b) (dimensionless) 

θ : Position on the surface of spheroid (degree)

λ : Parameter used in Bercovier and Engelman model

(Eq. (10)) (dimensionless)

μB : Fluid viscosity (Pa·s)

μy : Yielding viscosity used in bi-viscous model (Eq.

(9)) (Pa·s)
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ξ : Fluid temperature (dimensionless) 

ρ : Density of fluid (kg·m−3)

: Density of fluid at temperature  (kg·m−3)

τ : Deviatoric stress tensor (dimensionless)

: Fluid yield stress (Pa)

Subscripts

* : Dimensionless parameter
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