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Reptation dynamics of the coarse-grained polymer molecular chain is investigated to predict rheological
behavior of polymeric nanocomposites by applying Brownian dynamics simulation to the proposed full
chain reptation model. Extensibility of polymer chain and constraint release from chain stretch or retraction
are of main concern in describing the nanocomposite systems. Rheological results are well predicted by
applying the improved simulation algorithm using stepwise Wiener processes. Strong shear thinning and
elongational strain hardening are predicted and compared with the experimental results of polyamide 6/
organoclay nanocomposites. The full chain reptation model enables us to predict dynamic motion of the
polymer chain segments and understand mechanisms for characteristic rheological behaviors.
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1. Introduction

Polymeric nanocomposites show characteristic rheolog-
ical behaviors different from those of pure polymer melts
and conventional composite melts. Many researchers have
investigated linear viscoelastic responses of nanocompos-
ite melts by performing small amplitude oscillatory shear
flow experiments (Vaia et al., 1995; Krishinamoori and
Giannelis, 1997; Utracki and Lyngaae-Jørgensen, 2002;
Zang and Archer, 2002). Nanocomposites showed solid-
like storage modulus behavior at low frequency region
with increasing nanoclay loading. In the case of complex
viscosity, nanocomposites showed strong shear thinning
behavior even at low frequency regions while Newtonian
plateau behavior was observed for pure polymer melts.
Moreover, different rheological behavior was observed
with respect to the degree of nanoclay dispersion (Tanoue
et al., 2004; Seong et al., 2005). Nanocomposites with
better dispersion state showed less steep increase in the
storage modulus with respect to the frequency and stron-
ger shear thinning in the complex viscosity than poorly-
dispersed nanocomposites. 

In contrast to shear flow, only a few researchers studied
elongational flow behavior of nanocomposite melts (Oka-
moto et al., 2001; Wang et al., 2001). Strain hardening is
considered as an important rheological characteristic in
the elongational flow of polymers with long chain
branches. It is known that side branches of the polymer
chain produce the additional stress under uniaxial elonga-
tional flow, which leads to the strain hardening. Strain

hardening was observed even in the case of linear polymer
based nanocomposites (Okamoto et al., 2001; Seong et

al., 2005). In the case of nanocomposites, friction between
nanoparticles and polymer molecules and close inter-par-
ticle interaction hinder the uniaxial elongational flow. It
should be noted that the strain hardening is observed only
in well-dispersed or fully exfoliated nanocomposites (Seong
et al., 2005). 

It is necessary to model the rheological behavior of
nanocomposites in order to understand the mechanism of
the characteristic flow behavior and predict the rheologi-
cal properties at various processing conditions. Molecular
models were investigated by considering dynamic motions
of polymer molecular chains with a coarse-grained level
in order to describe the molecular interactions such as
hydrodynamic interaction, intermolecular force, excluded
volume effect, etc. Since the characteristic rheological behav-
iors of nanocomposites are caused by nanometer scale
interactions between nanoparticles and polymer mole-
cules, the molecular modeling is pertinent to describe the
nanocomposite systems. 

Reptation model firstly proposed by de Gennes (1971)
was developed by Doi and Edwards (1986) to study poly-
mer melts and concentrated solutions in which the topo-
logical constraints influence on the chain motion. Although
the original Doi-Edwards model was successful in pre-
dicting several experimental results for polymer melts or
solutions, it has several limitations because assumptions
were made for mathematical convenience rather than phys-
ical modeling. As a result, it cannot predict some nonlin-
ear shear flow properties such as steady shear viscosity.
Instead, the model predicts the excessive shear thinning.
Many researchers have tried to study reptation models by
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considering reasonable approximations. Reptation model
without independent alignment approximation (Doi and
Edwards, 1986), contour length fluctuation (Doi, 1983),
double reptation (des Cloizeaux, 1990), dynamic tube dila-
tion (Marrucci, 1985), convective constraint release (Mar-
rucci, 1996) are good examples for the efforts on more
rigorous modeling. Especially, Öttinger (1999) proposed a
thermodynamically admissible single segment reptation
model considering anisotropic tube cross sections, double
reptation, chain stretching, and convective constraint release,
and avoiding the independent alignment approximation by
applying the general equation for the nonequilibrium
reversible-irreversible coupling (GENERIC) formalism to
the reptation model. The model predicts various nonlinear
rheological properties including the uniaxial elongational
flow behavior as well as steady shear flow. On the other
hand, a full chain reptation model considering more real-
istic polymer chain geometry was proposed by applying
Brownian dynamics simulation using stochastic processes
(Hua and Schieber, 1998). The full chain reptation model
motivated us to investigate mechanisms for experimen-
tally measured rheological behaviors by tracing dynamic
motion of the realistic coarse-grained chain segments.

This study incorporates the ideas from both the thermo-
dynamically admissible single segment reptation model
and the full chain reptation model. The evolution equation
of the thermodynamically admissible reptation model is
used to incorporate double reptation, convective constraint
release, and chain stretching of the individual chain seg-
ments. Full chain geometry composed of the multiple chain
segments having the above information is considered to
investigate dynamics of the realistic polymer molecular
chain. The proposed model is used to predict rheological
characteristics of the linear polymer and its nanocompos-
ite and also to understand the characteristic rheological
behaviors on the molecular level. Material functions for
shear and elongational flows are evaluated by the model
and compared those with the experimental results for
polymer/clay nanocomposites (Seong et al., 2005).

2. Theoretical Model

2.1. Model formulation
The model evaluation starts from construction of the full

chain geometry composed of L beads and (L-1) connec-
tors. The geometrical description is represented as fol-
lows.

,  (1)

(2)

where xl is the position of the l-th bead, ul is the connector
vector connecting from xl to xl+1, and λl is the chain stretch
ratio of the l-th connector vector which is defined as ratio

of the present chain length to the equilibrium one.
The individual chain segment follows the evolution equa-

tions of the thermodynamically admissible reptation model
(Öttinger, 1999). The diffusion equation for the configu-
rational distribution function, f, is given by the configu-
rational variables, u and s, because terms for the anisotropic
tube cross-sections are neglected in this model. 

(3)

The variable u is the unit vector representing orientation
of the polymer chain segment and s represents the relative
position within a chain segment. The scalar variable s is in
the range of [0,1] and s = 0, 1 represents both ends of the
chain segment. κ is the transpose velocity gradient tensor,
τd is the reptation time, and D is the orientational diffusion
constant which is given as follows.

 (4)

where δ1 and δ2 are the parameters for the contribution of
double reptation and chain stretch or retraction (Fang et

al., 2000), and H(x) is the heaviside step function defined
as follows. Constraint release from reptational diffusion
and chain length shortening by retraction can be con-
trolled by changing the parameters δ1 and δ2. Values of δ1
and δ1 have the form of constant over λ by considering
that the portion of constraint release are closely related to
the chain stretch. 

. (5)

The equation evolved for the chain stretch is expressed
as follows with the contributions from convection and dis-
sipation. 

. (6)

The convective contribution is given with the symmetric
second-moment orientation tensor.

. (7)

The dissipative contribution is represented as follows:

(8)

where τs is characteristic chain stretching time and Z is the
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number of entanglement segments per chain. The effective
spring coefficient is given by the following relationship.

(9)

where λmax is the maximum possible stretch ratio of the
chain segment which varies with materials (Fang et al.,
2000).

The stress tensor incorporates the Doi-Edward contribu-
tion and the chain stretch contribution.

.
(10)

The first term represents the contribution from the orig-
inal Doi-Edwards reptation and the second term is the one
from the chain stretching, where np is the number of poly-
mer chains in a unit volume, kB is the Boltzmann’s con-
stant, and T is the absolute temperature. The integral value
can be calculated by the equivalence between determin-
istic diffusion equations and stochastic ones as shown in
the following relationship. 

(11)

where the angular bracket  represents the ensemble
average over the trajectories of the reptation processes.

2.2. Simulation algorithm

2.2.1. General procedure

The evolution equations of the full chain reptation
model are evaluated by utilizing Brownian dynamics sim-
ulation with stochastic processes. At the first step, the ini-
tial full chain geometry is constructed by choosing a
random scalar for x1 and (L-1) random unit vectors for
connector vectors ul’s (u1 ~ uL−1). In the next time step Δt,
new configurations are constructed by the following equa-
tion

(12)

where W is the three dimensional Wiener process repre-
senting Brownian diffusion of polymer chains. The Wiener
process is a Gaussian process with independent incre-
ments and has the following properties for all .

W(0) = 0,

E(W(t) = 0, (13)

Var(W(t1) − W(t2)) = t1 − t2

where E( ) means the average and Var( ) is the variance of

the enclosed variable (Kloeden and Platen, 1992). Chain
relaxation at each chain end is realized by choosing ran-
dom unit vectors for the connector segments, u1 and uL at
the time step. In other words, (u1 ~ uL−1) segments are
evaluated by Eq. (12) and u1 and uL are obtained by apply-
ing the free relaxation conditions at chain ends. It is dif-
ferent from the thermodynamically admissible reptation
model with a single segment, because the reflective
boundary condition for the scalar variable, s is applied and
the unit vector, u is chosen at random direction when s

reaches the end of single chain (Öttinger, 1999). The chain
stretching is updated after time step Δt as follows. 

. (14)

The resulting new connector vector is obtained by con-
sidering variation of the segmental contour length caused
by the chain stretching, which is already included in Eq.
(2). 

The stress tensor is obtained by Eq. (10) after simulating
N molecular chains independently and calculating the
ensemble average. In this study, the total number of sim-
ulated chains (N) is more than 1000 and the time step size
(Δt) is less than 0.0001. Finally, the full chain configura-
tion is developed by connecting the subsequent beads
using the corresponding connector vectors, and the dynamic
motion of the molecular chain is predicted on the segment
level. 

2.2.2. Stepwise Wiener process

Wiener process is not only an essential factor for describ-
ing Brownian diffusion of the molecular chain but also a
principal source of fluctuation and errors. In the above
simulation algorithm, sufficiently small time steps and
large ensemble sizes are necessary to obtain stable solu-
tions with negligible noises, which requires a large com-
putation memory. A new algorithm is suggested in this
study to improve efficiency and convergence of the sim-
ulation. A Wiener process variable with time is introduced
to express the variance in the magnitude of Brownian dif-
fusion. Several types of variable Wiener processes can be
adjusted to describe the variance in the amplitude of time
dependent Wiener process. The following ascending step-
wise Wiener processes are utilized in the general simula-
tion algorithm 

(15)

where W' is the Wiener process at time interval of t'. 

3. Results and Discussion

Numerical results are compared with the experimental
data of polyamide 6/clay nanocomposites to study the rhe-
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ological behavior of polymer nanocomposites. Effects of
maximum chain stretch and constraint release on dynam-
ics of macromolecular chain in polymeric nanocomposites
are the main concern of this study. Steady shear and uni-
axial elongational flow behaviors are investigated by vary-
ing the maximum chain stretch (λmax) and parameters of
constraint release (δ1, δ2). Molecular motion of a polymer
chain exposed to the applied flow is traced and chain char-
acteristics are denoted by calculated total contour length Lt

and molecular orientation factor Mf defined by

(16)

where u0 is the unit vector along the main flow direction. 

3.1. Maximum chain stretch 
Dependence of viscosity growth on finite extensibility

of polymer molecular chain is considered at steady shear
and elongational flows. Figure 1 shows the normalized
viscosity growth at startup of steady shear and elongational
flows with respect to varying maximum chain stretch
(λmax) of the individual chain segment. Shear viscosity
behavior is independent of the maximum chain stretch
except in early stage of the inextensible chain (λmax = 1.1)
because the shear flow has characteristics of sliding rela-
tive to one another and rotation by itself rather than that of
stretching. The nearly inextensible chain does not show
the significant viscosity overshoot at startup of shear flow
because the chain dynamics in a short time scale is mainly
affected by the motion related to chain stretch. It is also
shown in the figure that the steady shear viscosity of the
inextensible chain is very similar to those of other exten-
sible chains. There are irregular uprising peaks in the steady
shear flow plots of Figs. 1a and 2a, which are caused by
characteristics of stochastic simulation with random num-
ber generation scheme. In other words, there are some ran-

domly oriented intermediate configurations of polymer
chain in the stochastic simulation of shear flow. However,
uniaxial elongational viscosity is strongly dependent on
the extensibility of molecular chain. It is expected that
steady elongational flow is reached when the polymer mol-
ecule is fully stretched along the flow direction because
steady value of elongational viscosity is increased when
the maximum chain stretch is increased. As increasing the
chain extensibility, the molecular orientation factor is
increased and the total contour length is also increased at
elongational flow. Even though the molecular chain is
highly oriented along the flow direction, the elongational
viscosity is still increased, because the increase of stress
affected by the chain stretch is more dominant than the
decrease by molecular orientation. Extension of each
chain segment is determined by the value of maximum
chain stretch and the degree of chain extension affects the
steady state elongational viscosity. But degree of strain
hardening is not affected by the chain extensibility as shown
in Fig. 1b. It does not depend on the maximum chain
stretch but depend on parameters of constraint release,
which will be discussed in the next section. 

3.2. Constraint release
Relaxation of a constrained molecular chain in the en-

tangled polymer system is expressed in terms of constraint
release. Constraint release occurs mostly by reptational
diffusion of one polymer chain and its neighboring chains,
which is known as double reputation (des Cloizeaux, 1990).
The constraints composed of more than two polymer
chains are removed when one polymer chain moves to the
opposite direction of the constraint points or the neigh-
boring chain moves away. Retraction of molecular chain is
another important mechanism for release of constrained
chain especially at a short time scale (τs) which is very
insufficient time for releasing constraints by reptational
diffusion. If the length of a polymer chain is decreased by
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Fig. 1. Effect of maximum chain stretch of the individual chain segment on the normalized viscosity growth upon inception of (a)
steady shear flow and (b) elongational flow.
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chain retraction, constraints are possibly removed by the
decreased portion of the chain. In order to consider the
constraint release by chain stretch and retraction, equation
of chain stretch is solved at each time step and constraint

release term (δ2 term) is included in the simulation by tak-
ing the variation of chain stretch ratios into account. Fig-
ure 2 shows the effects of constraint release parameters
(δ1, δ2) on the viscosity growth upon inception of steady

Fig. 2. Effect of constraint release parameters (δ1, δ2) of the individual chain segment on the normalized viscosity growth upon inception
of (a) steady shear flow and (b) elongational flow.

Fig. 3. Dynamic motion of a molecular chain exposed to uniaxial elongational flow with different parameters of constraint release at
= 10 for λmax = 5 and δ2 = 1/λ: (a) Initial state of the chain, (b) δ2 = 0, (c) δ2 = 1/λ, and (d) δ2 = 2/λ.ε·
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shear and elongational flows. Shear viscosity with higher
δ2 reaches the steady state in shorter time and has larger
steady value than that with lower δ2. 

In the case of elongational flow, effects of the constraint
release are clearer than those of shear flow as shown in
Fig. 2b. As increasing the value of δ2 from 1/λ to 2/λ,
steady state elongational viscosity and the degree of strain
hardening are increased. If it is observed that the expo-
nential rate of separation of fluid elements in elongational
flow is greater than the linear rate of separation in steady
shear flow, it is thought that the polymer chain stretch is
enhanced and constraint release from the chain stretch and
retraction becomes dominant in the elongational flow. It
gives rise to the difference in the degree of strain hard-
ening with respect to δ2. 

We can understand mechanisms of the characteristic
rheological behaviors of nanocomposites by predicting
dynamic motion of the polymer molecular chain at steady
shear and elongational flows by the full chain reptation

model. Dynamic motions of a molecular chain exposed to
uniaxial elongational flow and steady shear flow are pre-
dicted in Figs. 3 and 4. Different chain motions are observed
clearly in the shear and elongational flows when the same
initial shape is assumed. In the elongational flow, the
folded chain becomes unfolded, oriented, and stretched
along the flow direction, which results in strain hardening
behavior by increasing the stress in the chain segments.
As increasing δ2, the molecular orientation factor is not
decreased but rather increased because the strong elonga-
tional flow with the elongation rate of 10 is applied (Even
though the orientation factor of Fig. 3b is slightly smaller
than that of Fig. 3c, the effect of the orientation factor is
very small because the difference in chain contour length
is very large). However, as the total contour length is
increased significantly, steady elongational viscosity and
degree of strain hardening are increased. In the shear flow,
orientation also occurs in the direction of shearing plane,
but the chain is self-entangled rather than unfolded and is

Fig. 4. Dynamic motion of a molecular chain exposed to steady shear flow with different parameters of constraint release at = 1 for
λmax = 5 and δ2 = 1/λ: (a) Initial state of the chain, (b) δ2 = 0, (c) δ2 = 1/λ, and (d) δ2 = 2/λ.

γ·
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not stretched. The total contour length is not changed by
a large amount, but the orientation factor is decreased as
δ2 is increased as shown in Table 1. In other words, by
increasing the constraint release by chain stretch and
retraction, degree of molecular orientation is decreased
and the steady shear viscosity is increased as shown in
Fig. 2a.

Figure 5a shows shear rate dependence of the steady
shear viscosity predicted by the full chain reptation model
with various parameters of constraint release and experi-
mental results of polyamide 6/clay nanocomposites. The
model predicts non-Newtonian power-law behavior of
nanocomposites at a low shear rate region, which shows a
good agreement with the experimental results. However,
the model predicts excessive shear thinning at high shear
rate regions when values of δ2 are not as large as about
100/λ. It is known that excessive shear thinning is caused
by extremely strong orientation of molecular chains along
the flow direction and such molecular conformations do
not produce significant resistance to flow. When the value
of δ2 is much larger than δ1, probability of constraint
releases from chain stretch and retraction is increased. It
means that more chain segments do not follow the exter-
nal flow field but are randomly oriented. As increasing the
portion of randomly oriented chain segments, it is expected
that the resistance to flow is increased and resulting
stresses become higher. In conclusion, excessive decrease
in shear viscosity is alleviated by increasing the portion of
constraint release and is nearly independent of chain
extensibility. 

3.3. Polymeric nanocomposites
It has been reported that the close interaction between

neighboring nanoparticles or between nanoparticles and
polymer chains leads to the formation of network struc-
ture, which causes solid-like rheological behavior (Krishi-

namoori and Giannelis, 1997; Fornes et al., 2001; Utracki
and Lyngaae-Jørgensen, 2002). For example, addition of
nanoparticles increases the magnitude of storage modulus,
G’, and decreases slope of G’. As increasing the nanopar-
ticle loading, shear viscosity is also increased especially at
low shear rate regions. But as increasing the shear rate, the
shear thinning occurs at low shear rate regions, which is
very similar to yield behavior. It means that the so called
nano-network formed by dispersed nanoparticles is very
weak upon shear deformation. In other words, breaking of
the network bridges and slip between nanoparticles occur
by only slow shear flows. 

Endurance of the nano-network under elongational de-
formation is different from that under the shear deforma-
tion. Elongational viscosity is increased as increasing clay
loading. Figure 5b shows the growth of elongational vis-
cosity at various elongation rates predicted by the full chain
reptation model and experimental results of polyamide 6/
organoclay nanocomposite melts. Elongational viscosities
are increased as time goes on, that is to say, as the elon-
gational deformation is larger. Moreover, the strain hard-

Table 1. Total contour length and molecular orientation factor of
the polymer chain represented in Figs. 3 and 4.

Figure No.
Total contour 

length, Lt

Molecular orientation 
factor, Mf

Fig. 3

(a) 9.000 0.5348
(b) 16.759 0.8336

(c) 22.956 0.8107
(d) 29.296 0.9536

Fig. 4

(a) 9.000 0.4101

(b) 8.958 0.7157
(c) 8.957 0.6253
(d) 8.945 0.6235

Fig. 5. (a) Predicted shear rate dependence of normalized steady shear viscosity and (b) the transient normalized elongational viscosities
at various elongation rates predicted by full chain reptation model and the experimental results of polyamide 6/organoclay (5 wt.%)
nanocomposite melts.
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ening is strengthened as increasing the elongation rate. As
discussed before, consideration of polymer chain stretch
and constraint release from the chain retraction in the full
chain reptation model enables us to explain how and why
the strain hardening occurs in the uniaxial elongational
flows. Strain hardening of nanocomposites is possibly ex-
plained by modification of the diffusion properties, exten-
sibility, and the degree of constraint release as nanoclay
particles are added. However, the modification is not enough
to explain mechanisms of the strain hardening because it
is observed that strain hardening of the nanocomposite
starts at earlier time and the deviation becomes greater as
the elongation rate is increased. It is believed that the
nano-network formed by the homogeneously dispersed
nanoparticles plays an important role in hardening the
elongational viscosity and the deviation from experimen-
tal results is originated from effects of the nano-network.
It is proposed that nano-network deforms affinely and pro-
duces additional stresses in the uniaxial elongational flow,
which is different from shear deformation of the network
– breaking and slip. The capability of the model for pre-
diction of the rheological behavior of polymer nanocom-
posites will be improved by considering the contribution
of the nano-network to the stress tensor.

4. Conclusions

Full chain reptation model was proposed from the idea
of the thermodynamically admissible reptation theory to
describe more realistic chain dynamics and predict rheo-
logical properties of polymers and polymeric nanocom-
posites. Brownian dynamics simulation was utilized to
calculate the model without any significant approxima-
tions and the proposed stepwise Wiener process was
applied to obtain more improved curves of rheology, espe-
cially at uniaxial elongational flow with low elongation
rates. The model predicted the characteristic rheological
behavior of polymeric nanocomposites, e.g., strong non-
Newtonian behavior from low shear rates in shear flow
and nonlinear strain hardening in elongational flow. Elon-
gational flow properties were strongly affected by chain
extensibility and constraint release, while shear flow prop-
erties were almost independent of chain extensibility but
affected by constraint release of chain retraction. Polymer
molecular chains showed different deformation in shear
and elongational flows, the former was dominated by
molecular orientation and the latter was strongly affected
by chain stretch as well as orientation.
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