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Phase angle of the first normal stress difference in oscillatory shear flow
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Abstract

In this study, the phase angle of the first normal stress difference in oscillatory shear flow has been inves-
tigated from both experiments and simulations. Nonlinear constitutive equations and materials were selected
to minimize the higher harmonic contributions in the stress signal. The upper convected Maxwell model and
the Oldroyd-B model were selected, and several complex fluids including Boger fluids, highly viscous poly-
mer solution and highly elastic polymer gel were selected for that purpose. The phase angle (δ2) of the first
normal stress difference was found to be in the range from 90o to –90o, as was confirmed from both con-
stitutive equations and experiments. Two models showed similar response in the phase angle of the first nor-
mal stress difference but different response in the phase angle of the shear stress. It was also found that the
phase angle of the first normal stress difference is governed only by the Deborah number of the material
within the material range we have covered in this study.
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1. Introduction

Oscillatory shear flow has been widely used to measure

viscoelastic material functions. The small amplitude oscil-

latory shear (SAOS) provides the storage modulus ( )

and loss modulus ( ) in terms of stress amplitude and

time lag between the stress and strain. In this sense, the

phase angle (δ, ) can be a representative physical

property that estimates the viscoelasticity of a material

(Velankar and Giles, 2007). Since , , and δ are deter-

mined by a single function of the frequency (ω), these

material functions are often called linear viscoelastic prop-

erties (Bird et al., 1987). The material functions at small

strain [ ] are not valid in large amplitude oscil-

latory shear (LAOS) region.

On the other hand, in SAOS region, the first normal

stress difference (N1) is relatively unfamiliar, but has been

studied analytically in a few previous literatures (Lodge,

1964; Bird et al., 1977; Ferry, 1980; Dealy and Wissbrun,

1990). They noticed that the first normal stress difference

oscillates at doubled applied frequency (2ω) about a non-

zero mean value and can be decomposed by its own phase

angle. The oscillatory first normal stress difference in

SAOS can be theoretically defined with the viscoelastic

properties that are related to the shear stress [ ,

and ] (Ferry, 1980). However, the physical

meaning of the first normal stress difference in this flow

can be complicated and obscure due to the doubled fre-

quency terms in viscoelastic moduli. Moreover, it is not

easy to measure the first normal stress difference exper-

imentally at small and intermediate strain amplitude

region.

As the strain amplitude increases (in LAOS), key issue is

that for most complex fluids the stress response is not sinu-

soidal, that is the stress is not linear to strain. Therefore the

linear viscoelastic properties [ , , and ]

are not enough to explain the nonlinear responses. A gen-

eral form of the shear stress subjected to oscillatory shear

( ) can be as follows (Pearson and Rochefort,

1982),
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Ewoldt et al., 2008; Yu et al., 2009). The first harmonic

G′
G″

0 δ 90
o≤ ≤

G′ G″

G′ ω( ) G″ ω( ),

G′ ω( ) G″ ω( ),
G′ 2ω( ) G″ 2ω( ),

G′ ω( ) G″ ω( ) δ ω( )

γ γ0 ωtsin=

σ12 t( ) γ0 a11 ωt b11 ωtcos+sin[ ] γ0
3

a31 ωt b31 ωt+cos+sin[+=

a33 3ωt b33 3ωt] O γ0
5( ) …+ +cos+sin

γ0a11 γ0
3
a31

…+ +( ) ωt γ0b11 γ0
3
b31

…+ +( )+ ωtcossin=

γ0
3
a33

…+( ) 3ωt γ0
3
b33

…+( ) 3ωt O 5ω( ) …+ +cos+sin+

γ0 G1′ ω γ0,( ) ωt G1″ ω γ0,( ) ωt G3′ ω γ0,( )+cos+sin[=

3ωt G3″ ω γ0,( ) 3ωt…cos+sin ]

*Corresponding author: ahnnet@snu.ac.kr
© 2010 by The Korean Society of Rheology



Jung Gun Nam, Kyu Hyun, Kyung Hyun Ahn and Seung Jong Lee

248 Korea-Australia Rheology Journal

phase angle [ ] is closely related with the

viscoelastic characteristics. In terms of the third harmonic

phase angle [ ] the physi-

cal behaviors such as shear thinning and shear thickening

have been explained (Neidhöfer et al., 2003). Klein et al.

(2007) separated the nonlinear shear stress responses into

characteristic rheological behaviors (linear, strain harden-

ing, strain softening, and wall slip response) which were

quantified by Fourier transform intensities and phase

angles. Physical interpretation of the third harmonic phase

angle (δ3) could be related with both elastic and viscous

nonlinearities (Ewoldt et al., 2008). The third harmonic

phase angle (δ3) in 2nd and 3rd quadrant in the phase plot

results in a higher elastic shear stress (strain stiffening)

whereas δ3 in 1st and 4th quadrant indicates strain softening.

Similarly δ3 is also related with the viscous shear stress

describing shear thickening (in 1st and 2nd quadrant) and

shear thinning (in 3rd and 4th quadrant). These nonlinear

behaviors were easily distinguishable from the sign of their

Chebyshev coefficients.

As the strain amplitude and frequency increases, the first

normal stress difference becomes as large enough to mea-

sure as the shear stress using a commercial instrument

(Nam et al., 2008). Even harmonic oscillation in the first

normal stress difference is a natural consequence from its

dependency only on the strain amplitude not on its direc-

tion. The first normal stress difference can also be retarded

with even frequencies (2ω, 4ω, 6ω…) for the imposed

shear strain. Even harmonic stress functions for shear strain

or shear strain rate are complicated because they are asso-

ciated with not only elastic responses but also viscous

responses [Yu et al. (2009)]. Thereby the first normal stress

difference can be elastic-dominant or viscous-dominant

depending on shear strain or frequency. However it is cur-

rently not clear whether the first normal stress difference in

oscillatory shear flow can be meaningfully separated into

elastic and viscous components.

As mentioned before in the absence of higher even har-

monics, the amplitude of the first normal stress difference

can be represented as a combination of viscoelastic moduli

in imposed frequency (ω) and its doubled frequency (2ω)

as follows (in p77, Ferry, 1980).

(2)

If a viscoelastic material shows the terminal behavior

( , and ), the amplitude of the first normal

stress difference is estimated as  [ ,

] which means the elastic-dominant property.

Therefore, the phase angle of the first normal stress dif-

ference, δ2 is considered as 90o [ ].

However the measurements of the first normal stress dif-

ference as well as shear stress may suffer from substantial

noise at small strain amplitude or frequency. Experimental

study on the first normal stress difference in oscillatory

shear flow is rare as ever. This is because for reasonable

measurements of phase angle (δ2), sufficiently large normal

stress has to be generated in oscillatory shear flow while

minimizing the higher even harmonics.

In this study, we defined the phase angle (δ2) of first nor-

mal stress difference in the oscillatory shear with the help

of previous works (Bird et al., 1977; Ferry, 1980; Nam et

al., 2008). The behavior of the phase angle for both shear

stress and first normal stress difference were calculated and

discussed using the nonlinear constitutive equations such

as upper convected Maxwell (UCM) model and Oldroyd B

model. Therefore the viscoelastic moduli ( ) from the

models were independent of the strain amplitude, and the

high harmonic contributions of shear stress and first nor-

mal stress difference were nearly negligible. For experi-

ments, Boger fluids [polyisobutylene (PIB) in polybutene

(PB)], polymer solution (polyvinyl alcohol, PVA), and

polymer gel (polyacrylamide, PAA) were selected to mea-

sure the first normal stress difference and to minimize high

harmonic contributions at large strain amplitude. The phase

angle of the first normal stress difference was compared

with that of the shear stress as a function of Deborah num-

ber (De) both theoretically and experimentally.

2. Experimental

2.1. Materials and sample preparation
It is well-known that a mixture of polybutene (PB) and

polyisobutylene (PIB) is a Boger fluid. In this study, the

PB was used as Newtonian fluid from Sigma-Aldrich,

Inc., which is chemically stable and a non-volatile. The

molecular weight of PB was 920 and the density was

0.84 g/cm3. The PIB was also purchased from Sigma-Ald-

rich, Inc. and the molecular weight ( ) was 3.1×106 with

a density of 0.92 g/cm3. The mixtures of PIB in PB were

prepared using a solvent evaporation method because it

was difficult to dissolve high molecular weight PIB in

very viscous PB. Toluene which is a volatile and good sol-

vent for both PB and PIB was used as the intermediate

solvent to homogenize PIB in PB. The excess toluene and

bubbles were removed as completely as possible using a

vacuum oven. With increasing concentration of PIB, the

fluid began to show slight shear thinning behavior. The

mixtures of PIB over 0.5 wt% in PB showed slight shear

thinning and they were named as modified Boger fluid

(Scirocco et al, 2005). The conditions and properties of

Boger fluids (BF) and modified Boger fluids (mBF) are

listed in Table 1.
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As other viscoelastic materials, polymer solution and

polymer gel were also prepared. Polyvinyl alcohol (PVA)

dissolved in distilled water was used for the polymer solu-

tion. PVA was purchased from Sigma-Aldrich, Inc., and

the molecular weight (Mn) of the PVA was 1.46×105
−

1.86×105 with 98−99% hydrolyzed. To make a sample

homogeneous and transparent, the solution of 16 wt% was

rotated at 200 rpm for about 2 hours at 80oC. Polyacry-

lamide (PAA) aqueous gel has been widely used for elec-

trophoresis of DNA or protein. PAA gel of 5 wt% was

polymerized using acrylamide/bis-acrylamid 40% solution

(Sigma-Aldrich, Inc.), ammonium persulphate (Sigma-

Aldrich, Inc.), and tetramethylethylenediamine (TEMED;

Sigma-Aldrich, Inc.) by a standard method (Storm et al.,

2005) and cross-linked in a space between cone and plate

geometry of a rheometer. The geometry attached a sand

paper was used to prevent the gel from wall-slip. The prop-

erties of the samples are listed in Table 1.

2.2. Experimental methods
Commercially available cone-and-plate instruments are

equipped to measure the torque  and the total thrust or

normal force . Thus, it is possible to determine the

shear stress ( ) and the first normal stress difference

( ) by means of following equations (Bird et al., 1987);

(3)

(4)

Other instruments which measure the local pressure dis-

tribution on the cone-and-plate have also been introduced

to measure the first and second normal stress difference

(Bird et al., 1987; Baek and Magda, 2003). In this study,

measurements of the shear stress and the first normal

stress difference were carried out on a controlled strain

type rheometer (ARES, TA Instruments) with a cone-and-

plate geometry at room temperature (25oC). The rheom-

eter has a force rebalance transducer which is extremely

sensitive to the normal force (100NFRT). The force range

is from 0.1 (~0.981 mN) to 100gram-force (~981 mN).

During the measurement of the normal force of viscoelas-

tic materials under shear flow, time lag can be occurred.

The time lag effect can be inherent in a Weissenberg type

rheogoniometer with a compliance transducer (Kajiura et

al., 1973). Even though the rheometer with FRT has a

noncompliance type transducer, larger cone angle and

smaller radius geometry was recommended to minimize

time lag effect (Vrentas et al., 1991; Schweizer, 2002).

Considering these conditions [assumptions used in Eq. (3)

and (4) and time lag effect], we decided to use the cone

geometry of about 5.7o(~0.1 rad) and radius of 12.5 mm in

this study.

For raw data acquisition, a 16 bit ADC (analog digital

converting) card (PCMCIA-6035E; National Instruments,

Austin, USA) with a sampling rate up to 200 kHz was

used. This ADC card was plugged into a laptop computer

equipped with a lab written LabView software (National

Instruments) and connected to the controlled strain rhe-

ometer (ARES) through BNC (Bayonet Neill Concelman)

cables. During strain amplitude sweep test at fixed fre-

quency, the torque and the normal force signals were

obtained simultaneously. This method has been well-estab-

lished in previous researches (Wilhelm 2002; Hyun et al.

2006; Hyun et al. 2007). As the commercial software of

the rheometer we used could not support parameters

related to the normal stress difference under oscillatory

shear flow, the electrical signals of the normal force were

converted using the normal force calibration tool.
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Table 1. The properties of the samples. Zero shear complex viscosity ( ), relaxation time ( ), and retardation time ( ) of BFs and

mBFs are calculated by Eq. 18 for Oldroyd B model. The complex viscosity of PAAg5 shows slight shear thinning as a function

of frequency (see Fig. 7)

Sample Molecular weight Conc. [wt% or %]  or 

BF03 0.3 (PIB) 29.83 1.28 0.91

BF05 0.5 46.07 1.53 0.83

mBF1 1 86.16 3.32 1.00

mBF2 2 204.82 5.20 0.78

PVA16 16 53.53
†
0.05 -

PAAg5 5 -
††

>>10
2

-

† The longest relaxation time defined as .
††

Little relaxation occurring over the frequencies (0.1–100 rad/s), i.e. constant storage modulus, .

η0
∗ λ1 λ2

η0
∗ Pa s⋅[ ] λ1 λ s[ ] λ2 s[ ]

Mn PB( ) 920=

Mn PIB( ) 3.1 10
6×=

Mn 1.5 10
5× 1.9 10

5×–=

λ limω 0→ G′ G″ω( )⁄=

G′ ω( )
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3. Theory

3.1. Oscillatory properties
It is popular to subject viscoelastic fluids to oscillating

deformation, i.e. the shear strain is applied as a sinusoidal

time function as follows (Bird et al., 1987).

(5)

In small strain amplitude, the shear stress also oscillates

sinusoidally at the same frequency but in general is shifted

by a phase angle  with respect to the shear strain.

 (6)

It is simple to decompose the shear stress into elastic

stress ( ) which is in-phase with the shear strain and vis-

cous stress ( ) which is 90o out-of-phase with the shear

strain.

,

 (7)

Fig. 1(a) shows the shear strain (γ), total shear stress

( ), elastic stress ( ) and viscous stress ( ) for

mBF2 at the frequency of 1rad/s and strain amplitude of

4.5.

For the first normal stress difference, it is oscillating with

a frequency 2ω about nonzero mean value because the first

normal stress difference depends only on the strain ampli-

tude not on its direction (Ferry, 1980; Nam et al., 2008).

Therefore it is a sum of nonzero mean value and even har-

monic with the strain frequency.

(8)

In the same manner with the shear stress, the oscillating

value of first normal stress difference can be divided into

two components by its phase angle ( ) [Fig. 1(b)].

,

(9)

The quantities ( ) which are defined by dividing

the amplitudes of Eq. (9) by square of strain amplitude were

already introduced (Nam et al., 2008). The coefficients of the

first normal stress difference in Eq. (2) can be reformulated

by defining quantities ( ) in SAOS as follows (Bird

et al., 1977; Ferry, 1980; Dealy and Wissbrun, 1990).

(10)

The nonzero mean value ( ) corresponds to the stor-

age modulus. The phase angle of the first normal stress dif-

ference is as follows.

(11)

3.2. Nonlinear constitutive equations
To predict the phase angles of the first normal stress dif-

ference, upper convected Maxwell model (UCM) and Old-

royd B model were introduced. The upper convected

Maxwell model embraces nonlinearity as an upper con-

vected time derivative of stress for time dependent phe-

nomena and rheological nonlinearity (Macosko, 1994).

The model equation is as follows,
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Fig. 1. (a) For a modified Boger fluid (mBF2), sinusoidal input

shear strain (thin solid line) of amplitude 4.5 at the fre-

quency 1 rad/s produces sinusoidal total shear stress (thick

solid line). The total shear stress is decomposed into elas-

tic stress (dot line) and viscous stress (dashed line) by

phase angle (δ1). (b) The first normal stress difference in

oscillatory shear is composed of nonzero mean value

(dashed dot line) and oscillating value with a frequency

2ω. The oscillating value is divided into two components

(dot line and dashed line) by its phase angle (δ2).
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(12)

where λ is the relaxation time, G is the modulus, D is the

deformation rate tensor, and the subscript (1) denotes an upper

convective time derivative, which is defined as follows.

 (13)

In small strain amplitude region, the nonlinear term can

be negligible and UCM model is equivalent to linear vis-

coelastic Maxwell model, in which the shear moduli are

given as follows,

, and . (14)

As the strain amplitude increases, the normal stress term

( ) which is equal to the first normal stress difference in this

model starts to develop. The viscoelastic moduli are constant

relative to the strain amplitude, and high harmonics of shear

stress and first normal stress difference can be negligible.

Oldroyd B model or convected Jeffreys model was chosen

as the other simple nonlinear viscoelastic model. The total

zero shear viscosity (η0) of the fluid contains both solvent

contribution and polymeric contribution. The constitutive

equation contains three parameters; zero shear viscosity (η0),

relaxation time (λ1), and retardation time (λ2).

 (15)

First and second rate of strain tensors are defined as fol-

lows (Bird et al., 1987),

, and  (16)

where  is the strain rate tensor. The shear moduli are esti-

mated in SAOS as follows,

, and 

. (17)

As the frequency increases (ω 1) and solvent contri-

bution becomes dominant, loss modulus is proportional to

the frequency ( ) unlike UCM model, and complex

viscosity ( ) shows a second plateau.

When the retardation time is zero ( ), the model

reduces to the upper convected Maxwell model. If the

relaxation time is equal to the retardation time, the model

reduces to a Newtonian fluid (Bird et al., 1987). The Old-

royd B parameters ( , , and ) can be determined by

limiting the relations in Eq. (17) to zero frequency.

, , and

(18)

For Boger fluids which are known to obey the Oldroyd

B model, the parameters were calculated using Eq. (18)

and listed in Table 1. The viscoelastic moduli of Oldroyd

B model were also constant relative to the strain amplitude,

and high harmonics of shear stress and first normal stress

difference could be negligible. Typical behaviors of both

shear moduli and complex viscosities of UCM and Oldroyd

B model are plotted as a function of frequency in Fig. 2.

4. Results and Discussion

4.1. Phase angle of N1 in model predictions
A popular way to show the response of a viscoelastic

fluid upon the oscillatory shear is the use of a closed loop

plot of stress versus strain or stress versus rate of strain

(Dealy and Wissbrun, 1990), i.e., Lissajous pattern. For the

shear stress, the area of the closed loop is closely related to

the loss modulus ( ). As the material

becomes more elastic, the loop changes from an ellipsoidal

shape into a line. The shear stress changes the direction by

changing the sign of the strain [ ], so there

exists two-fold symmetry for the strain. The first normal

stress difference is one-fold symmetric for the strain

because it depends only on the strain amplitude not on its

direction [ ]. In Fig. 3 Lissajous patterns plot-

ted as shear stress and first normal stress difference versus

shear strain are presented using the simulation results of
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Fig. 2. Shear moduli of UCM model (symbols) and Oldroyd B

model (lines) are plotted as a function of frequency. The

parameters are given as; UCM model (G=1 and λ=1) and

Oldroyd B model (η0=1, λ1=1, and λ2=0.3). Cross-over

point of shear moduli in UCM model represents the relax-

ation time (λ). Plateau modulus (GN) at high frequency is

equal to G in UCM model and  in Oldroyd

B model respectively. Inset of figure denotes complex vis-

cosities of both models.

η0 λ1 λ2–( ) λ1

2⁄
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the UCM and Oldroyd B model as a function of Deborah

number (0.01–100, ). The shear strain,

shear stress and first normal stress difference are reduced

by their amplitudes. For the shear stress, it is physically

clear in UCM model that the phase angle (δ1) changes from

nearly 90o at Deborah number 0.01 where loss modulus is

dominant, to nearly 0o at Deborah number 100 where stor-

age modulus is dominant. As Deborah number increases in

Oldroyd B model, on the other hand, the solvent contri-

bution ( ) begins to be dominant. The phase angle has a

minimum of about 61.8o near De = 1 and then approaches

to 90o at both ends.

For the first normal stress difference, the phase angle (δ2)

approaches 90o at low Deborah number and −90o at high

Deborah number in both UCM and Oldroyd B model. This

indicates that the behaviors of phase angle of the first nor-

mal stress difference are independent of the Newtonian sol-

vent contribution in the Oldroyd B model and the phase

De λω or λ1ω=

G″

Fig. 3. Lissajous patterns for the shear stress and first normal stress difference with increasing Deborah number ( ) as

results of both UCM ( , and ) and Oldroyd B model ( , , and ). The patterns are reduced by

their amplitudes. The phase angles are denoted on each plot, and the arrows indicate the progressive direction of the stresses.

De λω or λ1ω=

G 1= λ 1= η0 1= λ1 1= λ2 0.3=

Fig. 4. Comparison of phase angles (δ1, δ2) between UCM model and Oldroyd B model. (a) The phase angles are plotted as a function

of Deborah number in polar plot. Open symbols are for the shear stress and filled symbols are for the first normal stress dif-

ference. The arrows indicate the progressive direction of phase angles with increasing De ( ). (b) The oscillatory

properties of the first normal stress difference ( , ). is plotted as an absolute value since it becomes minus in De>0.7.

λω or λ1ω=

n′1 2, n″1 2,
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angle (δ1) of the shear stress at high Deborah number. The

phase angle (δ2) of 90o means that the oscillating first nor-

mal stress difference has a maximum where the shear

strain is zero (minimum), and a minimum where the abso-

lute value of shear strain is maximum [e.g. compare

 and ]. The phase angle (δ2) of −90o

means that the oscillating first normal stress difference has

a maximum where the absolute value of shear strain is

maximum, and a minimum where the shear strain is min-

imum [also compare  and ]. There is

no loop in these cases ( ), whereas there exists a

loop in between ( ). Experimental and the-

oretical reports on the highly elastic materials such as

biopolymer gels and foams support the explanation for the

phase angle of −90o of the first normal stress difference

(Janmey et al., 2007; Labiausse et al., 2007).

In Fig. 4(a), the phase angles from both UCM model and

Oldroyd B model are plotted as a function of Deborah num-

ber in polar plot. As shown in Fig. 3, the phase angles for

shear stress shows a difference between two models with

increasing the Deborah number due to the solvent contri-

bution in Oldroyd B model. However, the phase angles for

the first normal stress difference are almost similar in two

models. Near De~1 the phase angle (δ2) becomes minus or

falls on the 4th quadrant. The phase angle equal to zero

( ) means that  is zero and the shear modulus

 is equivalent to  from Eq. 10. Fig. 4(b)

represents  and  for two models. Although the

behaviors of the phase angle (δ2) are similar, the properties

( , ) of Oldroyd B model are smaller than those of

UCM model. They are scaled as ,  in ter-

minal region, and ,  in high frequency

region. In terms of the viscoelastic moduli (Eq. 10), the two

terms are estimated as ,  in the terminal

region and as ,  in high frequency

region. In both very low and high frequency region the first

normal stress difference is elastic-dominant, and the phase

angles (δ2) of the first normal stress difference defined in

this study can be theoretically put in the range from 90o to

−90o with increasing the Deborah number.

4.2. Phase angle of N1 in boger fluids and modified
boger fluids

Fig. 5 shows the storage modulus, loss modulus, and

complex viscosity from the results of frequency sweep test

of Boger fluids (BFs; BF03 and BF05) and modified Boger

fluids (mBFs; mBF1 and mBF2). The fluids used in this

study show very similar behaviors with Oldroyd B model

(see Fig. 2). The storage and loss moduli do not meet each

other in measured frequency range, and the complex vis-

cosities show first plateaus, thinning region and second

plateaus as a function of frequency. For Boger fluids and

modified Boger fluids used in this study, it was found that

the high harmonic contributions of shear stress and first

normal stress difference even in large strain amplitude

region ( ) were all blow 2% of the fundamental con-

tribution. Therefore, the behavior of phase angles (δ1, δ2)

can be discussed in terms of the high harmonic contri-

butions of the phase angles.

The viscoelastic moduli of Boger fluids and modified

Boger fluids were nearly constant relative to the strain

amplitude. It is considered that the phase angles of shear

stress and first normal stress difference do not significantly

change with increasing the strain amplitude and can be dis-

cussed within the framework of Eq. (2) and (10). There-

fore, in Fig. 6 the Lissajous patterns of shear stress and first

normal stress difference are plotted with increasing Deb-

orah number for a modified Boger fluid (mBF2) at the

strain amplitude of 4.5. The patterns for all Boger fluids

and modified Boger fluids used in this study are discussed

ωt( )sin 2ωt π 2⁄+( )sin

ωt( )sin 2ωt π 2⁄–( )sin

N1 aγ
2

b+∼
N1 cγ

2
dγγ· e+ +∼

δ2 0
o

= n″1 2,

G′ ω( ) 0.5G′ 2ω( )
n′1 2, n″1 2,

n′1 2, n″1 2,

n′1 2, ω
3∝ n″1 2, ω

2∝
n′1 2, ω

1–∝ n″1 2, ω
0∝

n′1 2, 0∼ n″1 2, G′ ω( )∼
n′1 2, 0∼ n″1 2, 0.5G– ′ ω( )∼

γ0 5∼

Fig. 5. The results of frequency sweep test at fixed strain ampli-

tude of Boger fluids (BFs) and modified Boger fluids

(mBFs). (a) Storage modulus ( ; filled symbols), loss

modulus ( ; open symbols) are plotted as a function of

the frequency. (b) Complex viscosity ( ) as a function

of frequency. The material properties increase with con-

centration of PIB in order.

G′
G″

η∗
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at that strain amplitude. Fig. 6 also shows the transition of

the phase angle (δ2) of the first normal stress difference

from plus to minus and Lissajous patterns (cross-over point

moves to down-ward) with increasing Deborah number. At

low Deborah number or frequency region, the mechanical

noise was relatively larger in the first normal stress dif-

ference. The phase angle (δ1) of shear stress has a min-

imum near De~15. The phase angles (δ1, δ2) of the other

Boger fluids and modified Boger fluids are summarized

later in Fig. 9 as a function of Deborah number. Their over-

all behaviors resemble to each other.

4.3. Phase angle of N1 in polymer solution and
polymer gel

To characterize the polymer (PVA) solution and polymer

(PAA) gel used in this study, the results of frequency sweep

test in linear region is presented in Fig. 7. The loss modulus

of PVA solution is higher than the storage modulus over the

measured frequencies. The terminal behavior [ ,

] of the moduli over these frequencies (0.1−

10 rad/s) indicates highly viscous character of the material.

On the other hand, constant storage modulus of PAA gel

and the loss modulus approximately three orders of mag-

nitude smaller than the storage modulus indicate that there

is little relaxation occurred over these frequencies (0.1−

100 rad/s), so the gel is acting like an elastic solid. For two

materials, the high harmonic contributions for the shear

stress are blow 5% over all measured strain amplitudes. The

materials have nearly constant moduli as a function of strain

amplitude at the measured frequencies. Therefore, the phase

angles of the shear stress and first normal stress difference

can be analyzed for highly viscous and highly elastic mate-

rials with minimizing nonlinear behavior.

The highly viscous polyvinyl alcohol (PVA) solution and

highly elastic polyacrylamide (PAA) gel had a relatively

weak signal of normal force compared with the Boger flu-

ids and modified Boger fluids. However, the phase angle

behavior of the first normal stress difference can be easily

confirmed through the Lissajous patterns (Fig. 8). The

characteristics of the materials are confirmed by the ellip-

soidal shape of shear stress with respect to shear strain.

Areas of the ellipsoid of the shear stress vs. shear strain are

directly related to the loss modulus of the materials. The

Lissajous patterns of PAA gel is close to a line indicating

that the shear stress is nearly in-phase with the shear strain.

The phase angles (δ2) of first normal stress difference for

highly viscous PVA solution will approach to 90o with

decreasing the Deborah number. For highly elastic PAA

gel, on the other hand, the phase angles (δ2) of the first nor-

mal stress difference is closed to −90o in very high Deb-

orah number region where little relaxation of the material

occurs. There exists no loop as expected with respect to γ

but the curves are asymmetric. Labiausse et al. (2007) have

explained this asymmetry in terms of trapped strains in

aqueous foams. Such strains are common in solids or solid-

like complex fluids and can be trapped during sample

G′ ω( ) ω
2∝

G″ ω( ) ω∝

Fig. 6. Lissajous patterns for the shear stress and first normal stress difference with increasing Deborah number ( , )

of mBF2. The phase angles (δ1, δ2) denote each pattern, and the arrows indicate the progressive direction of stresses for the shear

strain ( ,  here). The amplitudes of shear stress ( ) are presented below each pattern. For the Lissajous pat-

terns of first normal stress difference, nonzero mean value (N1,0) and amplitude (N1,2) are presented as well.

De λ1ω= λ1 5.20=

γ γ0 ωtsin= γ0 4.5= σ0
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installation leading the squeezing flow in a rheometer.

Therefore, in this study it is possible that the strains might

be trapped during the polymerization of acrylamide mono-

mers in cone-and-plate geometry.

Finally, in Fig. 9 the phase angles (δ1, δ2) from the results

of all experiments are plotted as a function of the Deborah

number ( ). The relaxation times of the

materials are listed in Table 1. The phase angles of shear

stress for BFs and mBFs decrease with concentration of

PIB in order. PVA solution shows the phase angle close to

 in low Deborah number region (De<0.3). PAA gel

is a highly elastic material, and the data are available only

at very high Deborah number (De 100, ). 

However, the phase angles (δ2) of first normal stress dif-

ference for the materials used in this study show similar

behaviors with each other when plotted as a function of the

Deborah number. As the Deborah number increases, there

is a transition near De~2 where the sign of phase angle

changes from plus to minus or the phase angle shifts to

fourth quadrant. This coincides with the results of theo-

retical prediction in Fig. 4(a). The phase angle (δ2) of the

first normal stress difference can be experimentally found

in the range from 90o to −90o with increasing the Deborah

number and is not directly related with the phase angles

(δ1) of shear stress at high Deborah number. Since this con-

clusion is based on the data for a few materials, it would

be desirable to confirm the phase angle (δ2) in other com-

plex fluids related with their viscoelasticity.

De λ1ω or λω=

δ1 90
o∼

 » δ1 0
o∼

Fig. 7. (a) The shear moduli and complex viscosity of PVA

16 wt% solution and (b) PAA 5% gel as a result of fre-

quency sweep test.

Fig. 8. Lissajous patterns for the shear stress and first normal stress difference with increasing Deborah (for PVA16) number or fre-

quency (for PAAg5). The phase angles ( ) denote each pattern and the arrows indicate the progressive direction of stresses

upon the shear strain (  for PVA16 and  for PAAg5). The amplitudes of shear stress ( ) are provided

below the patterns. For the Lissajous patterns of first normal stress difference, nonzero mean value ( ) and amplitude ( )

are also provided.

δ1 δ2,
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4.4. High order phase angle 
If the viscoelastic materials are in LAOS flow, the first nor-

mal stress difference can be represented in general form as Eq.

(1).

(19)

Among oscillating components of high harmonic con-

tributions, the magnitude ( ) and the phase angle ( )

of fourth harmonic can represent the nonlinear response of

the first normal stress difference in LAOS. Fig. 10 shows

a variety of the simplified first normal stress difference sig-

nals [  in Eq. (8)] when

the fourth harmonic contribution [ ] with

different phase angles ( ) were added as

applied to the shear stress by Neidhöfer et al. (2003). In

this study, not only the first normal stress signals as a func-

tion of time but also Lissajous patterns were plotted. Fig.

10(a) shows linear first normal stress difference ( )

as a function of time, the first normal stress difference ver-

sus strain ( ) and the first normal stress dif-

ference versus strain square [ ]. The first

normal stress difference in magnitude slightly increases

(i.e., thickening) if the phase angle of the fourth harmonic

( ) is 0 or π. If the phase angle of the fourth harmonic is

 or , the first normal stress difference shifts to

downward or upward with reversed shapes (change of the

maximum first normal stress difference). However, there

was no change in mean value of the first normal stress dif-

ference ( ). It means that the magnitude and shape of

the first normal stress difference can be characterized in

terms of the harmonic intensities and phase angles. The

first normal stress difference response is a sum of even har-

monics for the strain frequency, so it is one-fold symmetric

as a function of the strain (second column, C2). For the

first normal stress difference versus strain square (third col-

umn, C3) the Lissajous pattern without higher harmonics is

an ellipsoid or a circle, and a departure from the ellipsoid

confirms the nonlinear response of the first normal stress

difference in large amplitude oscillatory shear (LAOS).

5. Conclusion

The phase angle of the first normal stress difference in

oscillatory shear flow has been investigated in this study. The

N1 t( ) N1 2k, γ0 ω,( ) 2kωt δ1 2k,+( )sin
k 0=

∞

∑=

N1 4, δ4

N1 N1 0,–( ) N1 2,⁄ 2ωt δ2+( ) δ2,sin 0
o

= =

0.2 4ωt δ4+( )sin

δ4 0 1 2π π 3 2π⁄, ,⁄,=

2ωtsin

γ γ0⁄ ωtsin=

γ γ0⁄( )2 ωt
2

sin=

δ4
π 2⁄ 3π 2⁄

N1 0,

Fig. 9. The phase angles (  open symbols,  filled symbol)

from experimental data are plotted as a function of Deb-

orah number for PVA16 (○), BF03 (▽), BF05 (□),

mBF1 (◇), mBF2 (△), and PAAg5 ( ). Measured strain

amplitude is 0.8 for PAAg5 and 4.5 for other materials.

The relaxation times of the materials are listed in Table 1.

The Deborah number of PAAg5 is supposed to be much

larger than 100.

δ1 δ2

Fig. 10. Schematic diagrams of the first normal stress difference

signal with high harmonics. (a) linear normal signal, and

(b), (c), (d), (e) when the phase angles of the fourth har-

monic changes  respectively. (C1)

 as a function of time, (C2)  vs. strain, and (C3)

 vs. strain square.
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oscillating first normal stress is shifted by a phase angle ( )

with respect to shear strain ( ) and its amplitude is

known to be theoretically related with viscoelastic moduli

[ , , and , ] (Bird et al., 1977;

Ferry, 1980). Theoretical works using the upper convected

Maxwell model and Oldroyd B model confirmed the phase

angle in physically meaningful range ( ). The

phase angle ( ) approached 90° at low Deborah number

( ) and –90° at high Deborah number. In

both region the first normal stress difference was related

with the elastic property [ ,   and ,

 respectively], whereas it might be associ-

ated with both elastic and viscous properties.

Experimental results with viscoelastic materials includ-

ing Boger fluids, polymer solution, and polymer gel which

were used to minimize high harmonics also supported the

theoretical results. The phase angle ( ) of viscous PVA

polymer solution was 77.2o at low Deborah number (De =

0.08), whereas it was almost −90o in PAA aqueous gel

(De 100).

The phase angle of the first normal stress difference is

intimately correlated with relaxation of the shear stress at

low Deborah number but this correlation is smeared by a

viscous contribution with increasing the Deborah number.

When the nonlinear first normal stress difference is ana-

lyzed in large amplitude oscillatory shear flow, the higher

phase angle ( ) as well as higher intensity ( ) should

be considered. Thus we expect that the oscillatory first nor-

mal stress difference will help to understand and to inter-

pret the nonlinear behaviors of complex fluids with high

harmonic behavior in LAOS flow.
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