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Abstract

In the framework of finite element analysis we numerically analyze both the steady and transient 4:1 con-
traction creeping viscoelastic flow. In the analysis of steady solutions, there exists upper limit of available
numerical solutions in contraction flow of the Leonov fluid, and it is free from the frustrating mesh depen-
dence when we incorporate the tensor-logarithmic formulation (Fattal and Kupferman, 2004). With the time
dependent flow modeling with pressure difference imposed slightly below the steady limit, the 1st and 2nd

order conventional approximation schemes have demonstrated fluctuating solution without approaching the
steady state. From the result, we conclude that the existence of upper limit for convergent steady solution
may imply flow transition to highly elastic time-fluctuating field without steady asymptotic. However def-
inite conclusion certainly requires further investigation and devising some methodology for its proof.

Keywords : viscoelastic flow, finite element, Leonov model, contraction flow, Deborah number, elastic

instability

1. Introduction

Especially in highly nonlinear regime, elastic fluid such

as polymeric liquid displays quite unique and various flow

behaviors, drastically different from Newtonian ones and

often against our common intuition. Experiments, theo-

retical stability analyses and direct computational studies

have been conducted to accumulate knowledge on this area

of industrial as well as scientific significance.

Rod climbing, tubeless siphon, extrudate swelling, large

vortex formation (Bird et al., 1987; Boger and Walters,

1993; Tanner, 2000), and purely elastic symmetry breaking

(Arratia et al., 2006) are the most representative of elastic

flow phenomena observed in steady flow. Including these

steady effects, there are characteristics called “purely elas-

tic instabilities” (McKinley et al., 1991; Shaqfeh, 1996).

They are intrinsically nonlinear and possibly defined as

complex (sometimes chaotic) flow phenomena accompa-

nied by secondary flows or intense time-fluctuation with-

out steady asymptotic solely due to liquid elasticity. They

occur even at low Reynolds number where inertial effect is

too small to consider in theoretical and numerical treat-

ment. With discrete temporal integration algorithm exam-

ined herein, we make an attempt to figure out possible

relation expressed by numerical approximation with elastic

instability absent from inertial force employing one version

of differential Maxwell-type constitutive equations.

During recent decades, important and crucial progress

has been made with finite element (Baaijens, 1998), finite

volume (Xue et al., 2004), their hybrid method (Keshtiban,

2008) and so on (Owens and Phillips, 2002). However in

modeling highly elastic flow effects we still suffer from a

variety of numerical breakdown often with uncertain ori-

gin. It is usually expressed as lack of convergence, loss of

time evolution and violation of positive-definiteness of

configuration tensor. Preserving positive-definiteness of

the configuration tensor during computation is quite cru-

cial, since its violation immediately incurs the Hadamard

instability and eventually total breakdown of the compu-

tation procedure (Joseph, 1990).

Either Hadamard or dissipative instability is an inherent

characteristic of specific viscoelastic constitutive models in

flow situation exceeding some critical elasticity limit.

However even models proved globally stable (i.e. stable or

evolutionary in Hadamard and dissipative sense) exhibit

numerical deterioration during computation possibly due to

unavoidable error of numerical approximation. Recently

definite remedy for this artifact has been introduced, and it

is defined as matrix-logarithmic formulation of constitutive

equations (Fattal and Kupferman, 2004), which is here

termed as tensor-logarithmic formulation. It strictly pre-
*Corresponding author: kwon@skku.edu
© 2010 by The Korean Society of Rheology



Youngdon Kwon and JungHyun Han

238 Korea-Australia Rheology Journal

serves the positive-definiteness just from the equation set-

ting, but this seems to work only for the mathematically

evolutionary models (Hulsen et al., 2005).

The degree of elasticity in flow is usually expressed in

terms of the Deborah number De or the Weissenberg num-

ber. It is defined as , where θ is the charac-

teristic relaxation time of elastic liquid, U the flow speed

and H0 the representative length scale. Although significant

improvement has been made with the tensor-log formu-

lation, the time dependent numerical modeling of high De

flow still shows lack of convergence almost without excep-

tion when artificial or Newtonian diffusion is little added in

the set. Furthermore the cause of this nonevolutionary

character is not at all clarified in most cases. In current

authors’ opinion, rarity in direct computational description

of purely elastic instabilities reflects persistence of this dif-

ficulty.

Analysis of time-dependent viscoelastic flow draws

one’s attention due to its industrial importance as well as

fundamental scientific concern. In addition to elastically

unstable flow effects, there are important polymer pro-

cessing operations such as molding, thermoforming, etc.

that have to be investigated according to not steady but

transient flow analysis.

Time-dependent solutions of 2D or higher dimensional

flow problems are now quite a few with an advancement of

computation power and techniques. The book and articles

(Baaijens, 1998; Keshtiban et al., 2008; Owens and Phil-

lips, 2002; Xue et al., 2004) provide a good review or

recent results on various computational frameworks and

here remark on previous works will not be made. Instead

we mention some recent results on the description of elas-

tic instability in inhomogeneous flow domain. Flow mark

surface defect in injection molding process has been inves-

tigated in terms of a linear stability analysis with basic

information supplied by results of finite element method

(Grillet et al., 2002; Bogaerds et al., 2004). Even if this

work provides information on criterion of instability and

controlling its onset, the direct description of transient

unstable flow has not been attained. Recently direct numer-

ical description of unstable flow with an origin of pure

elasticity has been reported (Poole et al., 2007; Soulages et

al., 2009), which expresses purely elastic symmetry break-

ing in cross and T-shaped channel flows. Within authors’

knowledge, it is the only result given by straightforward

computation of elastic flows in rather complex geometry.

In this study, we first explain conventional discrete time

integration schemes, after introducing the set of total gov-

erning equations for incompressible isothermal elastic

flows. Then we present numerical solutions for the 2D

creeping planar contraction flow with sharp corner

employing the Leonov model. In the weak formulation of

governing equations we utilize the tensor-logarithmic form

for the constitutive equation. Before discussing the tran-

sient flow behavior, we investigate the persistent problem

expressed as existence of the upper limit for convergent

steady solution and its frustrating mesh dependence. Then

near the steady limit we examine the time-dependent flow

behavior and make an attempt to elucidate a puzzle implied

by the existence of the convergence limit.

2. Governing equations

In order to describe dynamic flow behavior of incom-

pressible fluid, we first require the equation of motion and

continuity equation

. (1)

Here  is the liquid density, v the velocity,  the extra-

stress tensor and p is the pressure. The gravitational force

is neglected in the analysis and  is the usual gradient

operator in tensor calculus. When kinematic relation of the

extra-stress is specified in terms of the constitutive model,

the set of governing equations becomes closed for iso-

thermal incompressible viscoelastic flows.

In expressing flow property of the elastic liquid, the

Leonov constitutive equation (Leonov, 1976) is employed.

The differential viscoelastic constitutive equation derived

by Leonov can be written into the following form:

 

(2)

Here c becomes the recoverable strain tensor that

explains elastic strain in the Finger measure during flow.

 is the total time derivative of  

the upper convected time derivative, G the modulus,

θ the relaxation time,  the total viscosity that cor-

responds to the zero-shear viscosity and s is the retardation

parameter (ratio of retardation to relaxation time) that spec-

ifies the contribution of viscous solvent. The tensor c

reduces to the unit tensor δ in the stationary state and this

also serves as the initial condition in the start-up flow from

the rest. In the asymptotic limit of  with s=0 where

the material exhibits purely elastic behavior, it becomes the

total Finger strain tensor.

 and  are the basic first and second

invariants of c, respectively, and they coincide in planar

flows. Due to the characteristic valid for the Leonov

model, the third invariant  has to fulfill the incompress-

ibility condition, . In addition to the linear vis-

coelastic parameters G, and s, there is a nonlinear constant

n (n>0), which can be determined from simple shear and
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uniaxial extensional flow experiments certainly in the non-

linear flow regime. It controls the strength of shear thin-

ning and also extension hardening of the non-Newtonian

liquid. The total stress tensor is obtained from the elastic

potential W based on the Murnaghan’s relation. Since the

extra-stress is invariant under the addition of arbitrary iso-

tropic terms, when one presents stress results it may be

preferable to use instead in order

for the stress to vanish in the rest state.

The essential idea presented by Fattal and Kupferman

(2004) in reformulating the constitutive equations is the

tensor-logarithmic transformation of c as follows:

. (3)

Here the logarithm operates as the isotropic tensor func-

tion, which implies the identical set of principal axes for

both c and h. In the case of the Leonov model, h becomes

another measure of elastic strain, that is, twice the Hencky

elastic strain. While c becomes δ, h reduces to 0 in the rest

state. In the notation of the h tensor the incompressibility

relation det c=1 becomes

. (4)

In the case of 2D planar flow, the final set of the Leonov

constitutive equations in the tensor-log or h-form has been

obtained in Ref. (Kwon, 2004) as follows:

,

(5)

Here  is the only 1 independent eigenvalue

of h in 2D flow (the other eigenvalues are –h and 0). The

relation between cij and hij is expressed by

,

and

. (6)

Together with the equations of continuity and motion (1),

Eqs. (5) constitute a complete set to describe isothermal

incompressible planar viscoelastic flow. However due to

the form presented in Eqs. (5), artificial numerical diffi-

culty may arise. Including the rest state, during flow com-

putation the occasion of h=0 (it means ) may occur

locally, e.g. along flow symmetry line. Then the coeffi-

cients of  and  in Eqs. (5) become numerically

indeterminate. However appropriate asymptotic relation

for vanishing h can be easily obtained and given in Ref.

(Kwon, 2004).

In this 2D analysis, the incompressibility condition (4)

reduces to  and thus the viscoelastic con-

stitutive equations add only 2 extra unknowns such as 

and  to the total set of variables.

3. Numerical Method

We briefly discuss the conventional procedure of numer-

ical time integration such as implicit Euler and Crank-Nicol-

son methods employed for the flow analysis in this study.

The set of Eqs. (1) and (5) may be rewritten in the fol-

lowing generic form:

,

 or (7)

Here  and  include all the terms in Eqs. (1) and

(5) except the time derivative. Even when we employ the h-

form (tensor-logarithmic form), hij variables can be easily

converted to cij in terms of the relation (6) and then applied

for the momentum equation. The standard numerical inte-

gration procedure such as the implicit Euler (IE1) and the

Crank-Nicolson (CN2) methods may be expressed as

IE1: 
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. (8)
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 or

(9)

Here  is the time step size and the superscript des-

ignates the number of the step. As is well known, the

implicit Euler and Crank-Nicolson time integration algo-

rithms endow the 1st and 2nd order accuracy, respectively.

Until now only the temporal integration algorithm has

been explained. In planar 2D flow, standard finite element

analysis is adopted as a basic framework. Stabilizing tech-

niques such as streamline-upwind/Petrov-Galerkin (SUPG)

and discrete elastic viscous stress splitting (DEVSS) meth-

ods are also implemented. Nowadays they are quite routine

technical implementations in finite element viscoelastic

flow computation, and their detailed meaning is not

explained in this manuscript and may be found in Refs.

(Baaijens, 1998; Lee et al., 2004; Owens and Phillips,

2002). Quadratic polynomial interpolation is employed for

velocity and elastic strain , while linear interpolation is

used for pressure and DEVSS variables.

Problem domain with specific boundary conditions is

illustrated in Fig. 1. In planar 4:1 contraction flow geom-

etry, we designate no slip on the wall and symmetry on the

centerline, and there exist 2 more additional boundary line

segments at the inlet and outlet of the channel. In this

study, traction forces are appointed to induce the flow. We

guess that in comparison with fully developed inflow con-

dition this traction boundary may more freely allow occur-

rence of elastic flow instability due to possible flowrate

fluctuation permitted under fixed pressure difference. First

all the components of traction vanish at the outlet. On the

other hand, in the flow direction (y-axis) at the inlet, the

constant finite traction force is applied in terms of dimen-

sionless value  where  the surface traction (force per

unit area) in y-direction. In the x direction, we set the

boundary free from transverse traction. We also need to

specify values of h at the inlet boundary, which play the

role of initial conditions at the beginning of the charac-

teristic curves or cones, but they are unknown and have to

be determined in principle from the previous flow history.

Here we simply assign zero values for all components of

h-tensor (stress free condition) at the inlet, which may

necessitate some justification for this rather arbitrary spec-

ification. First this type of boundary means that the region

outside the inlet boundary is considered to be a zero stress

reservoir just like pressure or heat reservoir in thermo-

dynamics. In practice, the length of the upstream channel

has to be long enough if one wants to eliminate the effect

of this stress-free boundary.

In this transient flow problem, initial values for velocity

and h-tensor at t=0 are also required. Regarding this matter,

the specification of traction boundary possesses its own

advantage. We can assign arbitrarily large inflow traction to

establish high De flow, and furthermore onset of flow from

the rest state is also possible without any logical incon-

sistency. Therefore we simply set the values of velocity and

h-tensor corresponding to the rest state as initial data.

We consider the mesh convergence in the steady flow

problem, but do not thoroughly examine characteristics of

convergence with respect to spatial discretization in time

dependent flow modeling. For the problem of 2D steady

contraction flow 5 types of meshes with unstructured

Delaunay triangular elements are taken into account. In

viscoelastic flow computation for flow domain with geo-

metric singularities, there is one persisting difficulty of

numerical degeneration according to spatial mesh refine-

ment. It means the computation scheme becomes more

prone to deteriorate when one employs more refined mesh

especially near the geometric singular points like the cor-

ner in contraction flow. We first investigate this problem on

cij
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Fig. 1. Geometry and boundary conditions of planar 4:1 con-

traction flow problem. 
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steady flow computation for 5 meshes with different

degree of refinement and then make an attempt to clarify

any possible meaning implied by existence of computa-

tional convergence limit. Table 1 presents some mesh

details such as side length of the smallest element and the

total numbers of elements and unknowns. Fig. 2 illustrates

a partial view of Mesh 3 around contraction together with

steady solution of shear stress  under dimensionless

input traction of 50. As a matter of course, the smallest ele-

ments are attached to the contraction corner. As for the

analysis of time dependent flow, rather coarse meshes such

as Mesh 1 and 3 have been applied since computation load

required for the refined meshes is still beyond the capacity

we can manage. Note again that we examine the mesh

dependence of not transient but steady solutions only, espe-

cially in terms of the highest De or traction with proper

convergent solutions.

For numerical calculation, we need to specify values of

linear and nonlinear parameters such as s and n. In order to

suppress solvent viscosity effect and thus augment elastic

character in the model, we assign small value for the retar-

dation parameter s. However since setting s=0 in inertialess

flow induces infinity of mainstream velocity at the moment

of application of pressure difference, we have chosen

s=0.001. For the nonlinear parameter n, there exist some

mathematical stability requirements (Kwon and Leonov,

1995). For so called Hadamard stability corresponding to

strong ellipticity in elasticity, n has to be nonnegative. How-

ever in the case of neo-Hookean potential, i.e. n=0, the

model becomes dissipative unstable and it may show blow-

up instability when mixed stress-strain history is assigned.

The problem in this study is exactly the case that may incur

the dissipative instability, since we designate instead of

velocity profile the traction (stress) boundary at the inlet.

Therefore if the applied inlet pressure exceeds some critical

value with the neo-Hookean potential employed, the

scheme exhibits loss of evolution and becomes divergent.

This bestows another restriction of n>0. Thus we set n=0.1,

and then the constitutive equation is defined to be globally

stable (Kwon and Leonov, 1995). It is also worth men-

tioning that increase of n significantly raises the value of

extensional viscosity and therefore one may control the

degree of nonlinearity in extensional behavior by adjusting

n. Also we mainly consider creeping flow problems (Re=0).

A simple Newton’s iteration method is implemented to

linearize the constitutive equation. To determine conver-

gence of iteration, relative -norm is implemented as a

decision criterion, that is, when the variation of solution

after an iteration does not exceed 10
−4

 of the maximum

absolute value of the variable, we conclude convergence

has been achieved and move on to the next time step.

4. Results

When applied flow condition in terms of the Deborah

τ12

L
∞

Table 1. Mesh details, limit pressure difference and corresponding deborah number

Mesh 1 Mesh 2 Mesh 3 Mesh 4 Mesh 5

Smallest element size

(scaled by H0)
0.1 0.05 0.035 0.02 0.01

Total number of elements 3361 6929 11006 15683 30409

Total number of unkowns 35664 72352 113908 161308 310392

Limit traction force 53.2 52.8 55.2 53.6 54.2

Limit Deborah number 65.4 65.0 81.4 73.1 77.8

Fig. 2. Typical mesh (Mesh3) near re-entrant corner and contour

plot of steady shear stress for traction equal to 50 in creep-

ing planar 4:1 contraction flow. 
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number or traction force exceeds some critical limit, many

viscoelastic constitutive equations are proved to yield some

ill-posed behavior, which eventually results in loss of evo-

lution (Joseph, 1990; Kwon and Leonov, 1995). There

exist only a few rheological equations proved globally sta-

ble, one of which is the Leonov model. In addition to

mathematical stability, there remains one more crucial

property of constitutive models that has to hold in order to

elucidate intimation implied by existence of convergence

limit in numerical steady solutions. Due to the incom-

pressibility relation (4), the Leonov model becomes the

simplest of all viscoelastic constitutive equations in h-

form, and this simplicity makes the closed form formu-

lation (5) possible. Just dropping the time derivative terms

offers the set of nonlinear equations, solution of which

directly provides steady values of rheological variables

without necessity of numerically passing through transient

state. Within authors’ knowledge, steady 2D numerical

solutions obtained in this straightforward manner from ten-

sor-log formulation are available only for the Leonov

model (recently steady results have also been presented

with generalized strong coupling in Ref. (Coronado et al.,

2007) but not in this direct way). We explain the impor-

tance of obtaining solutions not in c but in h formulation

when we present the steady results.

We first examine steady solutions that are directly

obtained from h-form equations. In modeling viscoelastic

flow especially with singular corner in a domain, we have

been faced with one concomitant frustration, that is, break-

down of numerical scheme more severely with mesh

refinement (Keunings, 1986). In other words, as one

increases the degree of spatial discretization accuracy, the

limit Deborah number under which convergent steady

solution can be obtained decreases quite rapidly. This kind

of disastrous problem has been present even for the glo-

bally stable (evolutionary) models when c-form or stress-

type constitutive equations are implemented in computa-

tional approximation. The loss of numerical evolution is

usually expressed by violation of the positive-definiteness

of the c tensor (or equivalently the stress as  for

the Oldroyd-B model with s=0) as its precursor. Even

though preservation of the positive-definiteness has been

proved in some restricted situation (Hulsen, 1990), numer-

ical error indispensably introduced in computation fre-

quently results in its violation and eventually whole

degradation of approximate solutions in highly elastic flow

modeling.

Main advantage of utilizing the tensor-log form in dis-

crete approximation consists in strictly preserving the pos-

itive-definiteness of the c tensor, which can be easily

understood from the relation , the inverse of Eq.

(3). In the principal axes the range 0~1 is exactly equivalent

to 1~  for eigenvalues of c for the Leonov model (in 2D

the eigenvalues are c and 1/c), and those ranges are trans-

formed to ~0 and 0~  in h-form. Therefore polynomial

interpolation of h tensor rather than c tensor endows more

consistent approximation in the whole positive-definite

range of c. Also steep viscoelastic boundary layer present in

high Deborah number flow seems better resolved with the

tensor-log formulation (Coronado et al., 2007).

In this work 5 different meshes Mesh 1~5 are employed

with increasing degree of spatial refinement illustrated in

Table 1, where the limit dimensionless traction (pressure

difference) and the corresponding steady Deborah number

are also presented. Even though it certainly displays some

variation of limit values, there rarely exists distinct sign of

disastrous degradation of the computation scheme accord-

ing to mesh refinement. One example of shear stress solu-

tion directly obtained from the steady equations slightly

below the critical limit is illustrated in Fig. 2 as a contour

plot. Note that with larger value of the retardation param-

eter, e.g. s=0.5, the convergent steady solution may be

obtained for De as high as thousands.

The dependence of steady flowrate upon traction is dem-

onstrated in Fig. 3. One should expect linear dependence of

the flowrate upon p for Newtonian fluid with constant vis-

cosity and no inertia. Here quite stiff upturn of the curve is

depicted, which results from the characteristic shear thin-

ning behavior expressed by the Leonov model. In the real

polymer fluid flows, either upturn or even downturn may

be observed. In the region of contraction quite intense

extensional flow occurs and the degree of extensional vis-

cosity increase (extension hardening) determines the qual-

itative behavior. If the fluid displays this extension

hardening and it dominates the effect of shear thinning, the

slope of flowrate increase with p diminishes and the curve

may even become convex upward.1) This kind of complex

θ η⁄( )τ δ–

c h( )exp=

∞

∞– ∞

Fig. 3. Variation of flowrate according to pressure difference in

creeping planar 4:1 contraction flow computed for various degree

of spatial discretization.
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phenomenon may possibly be explained by the Leonov

model since the parameter n controls such hardening

behavior, however its modeling is not the purpose of our

current work and will not be pursued here. Mesh depen-

dence of flowrate near limit traction is illustrated in the

inset of Fig. 3, where the finer the mesh becomes the

higher flowrate or De results. Thus in high De flow the

degree of spatial approximation rather seriously affects the

accuracy of numerical solution. This sort of difficulty and

subtlety in nonlinear dynamics modeling is quite common

and becomes extremely hard to overcome when quanti-

tatively accurate results are desired.

When one applies the tensor-log formulation for discrete

approximation of highly elastic steady flow, the persistent

obstacle expressed by mesh dependence of the upper con-

vergence limit seems resolved. However there still remains

limitation for attaining numerical steady solution for con-

traction flow problems. Thus we make an attempt to scru-

tinize the validity of these solutions in another aspect,

examining time dependent results near but still below the

upper limit. Then we see if they really represent steady

approximation described by the constitutive model.

Fig. 4 portrays overall time variation of flowrate

described by conventional IE1 and CN2 schemes with a

rather refined Mesh 3 for p=50 which still resides in the

region of available steady solution for all 5 meshes. With

CN2 the time step is fixed2) as 5×10
−4

, whereas varying

time steps (t=0.0001~0.002) are employed for IE1 in order

to boost the computation speed. Quite unexpected outcome

can be observed from the curve calculated in terms of

CN2. Even after initial transient response the flowrate does

not approach steady state, and instead it exhibits heavy

fluctuation which seems absent from characteristic time-

correlation. The flowrate obtained from direct steady com-

putation is 50.7 in the measure of the Deborah number, but

the mean value of the fluctuating flowrate averaged in the

range t=3~12 increases to 53.64 with the standard devi-

ation of 1.11.

Behavior of the approximate solution obtained in terms

of the lower order method IE1 seems quite interesting even

though in comparison with the result of CN2 it exhibits

intense numerical diffusion and dependence upon the time

step size that cannot be disregarded. It seems to reach

steady state after the instant of t=5. However when t>8, the

Fig. 4. Time dependence of flowrate in creeping planar 4:1 con-

traction flow for the Leonov model under p=50 computed

with IE1, CN2 and Mesh 3.

Fig. 5. (a) Streamlines and pressure contour near contraction; (b)

normal stress (τyy) contour along downstream channel

end, for steady state (left) and transient (right) solutions

(p=50, Mesh 3, the transient solution at t=10 with CN2).

1) Since the flow is 2D planar, the extensional flow in the con-

traction is not uniaxial but planar. Thus the extension hardening

mentioned here is planar extensional hardening, the experi-

mental evidence of which may not or rarely exist.
2) The time step in the time range of 0.972~1 is 10−4, since CN2

loses its convergence with 5 ×10
−4

.
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flowrate increases with minor fluctuation. The inset of Fig. 4

shows the difference in fluctuating flowrate between 2

curves. This kind of more or less inevitable numerical dis-

sipation exemplified by the result of IE1 seems to make

fictitious steady solution available in direct steady approx-

imation setting, although the constitutive equation itself

presumably expresses time fluctuating solution without

steady asymptotic.

In order to verify the origin or related phenomena of

flowrate fluctuation, it is worthwhile to closely inspect the

solution in 2D problem domain. The streamlines with pres-

sure contour (a) and contour of normal stress in flow direc-

tion (b) for time-dependent flow at t=10 are compared with

those of steady solution in Fig. 5. The difference between

streamlines of steady and transient solutions is shown to be

quite small near contraction. However the corner vortex

still shows weak oscillation, even if it is not distinctly rep-

resented in the figure. On the other hand, spatial fluctuation

of transient normal stress  can be clearly noticed along

the downstream wall in Fig. 5(b). It represents at the same

time temporal fluctuation of stress. From careful obser-

vation of the solution, we could see that propagation of

concentrated stress begins at the corner. The result also

shows that strong shear in the downstream seems to

strengthen the stress fluctuation along the wall until it starts

to dissipate near the outlet. However at this point an

attempt to draw definite conclusion and to verify possible

relation to real phenomena has not been made regarding

this effect.

From the preceding results and discussion, we have

shown possibility of describing elastic flow instability with

2 conventional numerical schemes in the vicinity of upper

limit of steady solution. This also implies that existence of

the upper convergence limit possibly indicates transition

from stable flow (with steady asymptotic) to purely elastic

instability. At this point, flow modeling under severer sit-

uation is certainly worth more detailed investigation. How-

ever the application of higher pressure difference

employing Mesh 1 for both time integration methods IE1

and CN2 incurred failure of convergent approximation at

some instant near t=1.

5. Conclusion

Employing the basic finite element method, we inves-

tigate both the steady and transient 4:1 contraction creep-

ing viscoelastic flow. In the analysis of steady solutions,

there exists upper Deborah number limit of available

numerical solutions in contraction flow of the Leonov

fluid. However when we incorporate the tensor-logarithmic

formulation, it is free from the usual frustrating mesh

dependence that the computational procedure deteriorates

more severely as the spatial discretization becomes finer. In

temporal integration of the set of time dependent equa-

tions, 2 conventional algorithms such as the 1st order Euler

and 2nd order Crank-Nicolson methods are implemented.

With pressure difference imposed slightly below the steady

limit, both the approximation schemes have demonstrated

fluctuating solution without approaching the steady state.

From this result, we may conclude that the existence of

upper limit for convergent steady solution implies flow

transition to highly elastic time-fluctuating field without

steady asymptotic. Definite conclusion of these unstable

phenomena may require further study.
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