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Abstract

Residual stress distribution in injection molded short fiber composites is determined by using the layer-
removal method. Polystyrene is mixed with carbon fibers of 3% volume fraction (4.5% weight fraction) in
an extruder and the tensile specimen is injection-molded. The layer-removal process, in which removing
successive thin uniform layers of the material from the surface of the specimen by a milling machine, is
employed and the resulting curvature is acquired by means of an image processing. The isotropic elast
analysis proposed by Treuting and Read which assumes a constant Young’s modulus in the thickness dire
tion is one of the most frequently used methods to determine residual stresses. However, injection molde
short fiber composites experience complex fiber orientation during molding and variation of Young’s mod-
ulus distribution occurs in the specimen. In this study, variation of Young’s modulus with respect to the
thickness direction is considered for calculation of the residual stresses as proposed by White and the res
is compared with that by assuming constant modulus. Residual stress distribution obtained from this stud
shows a typical stress profile of injection-molded products as reported in many literatures. Young’s modulus
distribution is predicted by using numerical methods instead of experimental results. For the numerical ana
ysis of injection molding process, a hybrid FEM/FDM method is used in order to predict velocity, tem-
perature field, fiber orientation, and resulting mechanical properties of the specimen at the end of molding

Keywords: residual stress, injection molding, short fiber composites, layer-removal method, curvature,
Young’s modulus distribution

1. Introduction

Short fiber reinforced composites are getting widely used
in the technical and industrial applications due to good
mechanical properties. They are usually manufactured by
injection molding, compression molding, resin transfer mold-
ing, and extrusion. Among these processes, injection mold-
ing is the most important commercial process because of
the easiness of manufacture and economical advantages.
During injection molding process of composites, a com-
plex resin flow field is generated and it causes fibers to be
oriented. The orientation of fibers will be changing until
the matrix is solidified.

Due to the high pressure gradient, temperature change
caused by inhomogeneous cooling of the polymer melt,
orientation of polymer chains and the difference in thermal
expansion coefficient between matrix and fibers, residual
stresses may be introduced in the materials. These residual

stresses result in warpage and shrinkage of the final p
ucts and may induce reduction of tensile strength, fatig
strength, impact properties, and environmental stress cr
ing. Thus, the dimensional accuracy and properties of 
final products are highly related to the residual stress d
tribution in the molded part. In order to obtain a desir
injection molded composite, it is important to understa
internal stress development along with the molding p
cedure and to measure the residual stress distributio
molded composite materials.

Layer-removal method has been the primary meth
used to measure the residual stress in polymeric mater
Residual stresses can be measured by the layer-rem
method proposed by Treuting and Read (1951). In the a
ysis, thin layers of uniform thickness are machined fro
the surface of the rectangular specimen, and the la
removal causes upsetting the residual stress equilibrium
the specimen. Then, the specimen warps to a shape 
circular arc to restore equilibrium. One can determine 
gapwise residual stresses in the specimen before la
removal by measuring the resulting curvature as a func
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of removed depth. The Treuting and Read analysis is appli-
cable to a linear elastic material with isotropic elastic con-
stants. However, injection moldings often have a significant
depth-dependent variation in stiffness, whether unfilled or
filled with short-fiber reinforcement. When the Young’s
modulus varies with depth, the simplifications made by
Treuting and Read are no longer valid and it has been
pointed out that this may lead to errors in the unmodified
Treuting and Read analysis (White, 1985). Paterson and
White (1989) proposed a procedure in which the residual
stress distribution of polymeric materials with depth-vary-
ing Young’s modulus could be determined. Injection-
molded neat nylon 66 bars treated in different conditions
were used so that they had different gapwise Youngs mod-
ulus profiles. It was shown that the residual stress distri-
bution could be determined as long as the modulus
distribution is known. The experimental procedure is the
same as the layer removal method by Treuting and Read.

In this work, the residual stress distribution of injection
molded short fiber reinforced composites is determined
using layer removal method. To overcome the limitation of
Treuting and Read analysis caused by neglecting the depth-
varying Young’s modulus in injection molded short fiber
reinforced composites, White analysis is used and the
results are compared with those of Treuting and Read anal-
ysis. For the experiment, tensile specimens are injection
molded with polystyrene reinforced by 3 vol% (4.5 wt%)
short carbon fibers. Young’s modulus distribution through
the thickness needed for White analysis is predicted
numerically based on the work done by Lee and Youn
(1997; 1999).

2. Theory

2.1. Layer-removal method
2.1.1. Analysis with constant modulus
The analysis applies to sheet materials and involves

removing successive uniform layers from the surface of the
material. When the following three conditions are satisfied,
the accuracy of this method is subject only to the precision
of the measurement (Treuting, 1951).

(1) To determine the stress from the curvature, it is nec-
essary that the material be linear in pure bending over
the range of curvatures involved and that the elastic
constants be constant throughout the material. If these
conditions are not satisfied, it is necessary to measure
the bending moment required to straighten the spec-
imen after every removal.

(2) The stress should not vary in the plane direction of
the specimen but only through the thickness direction.

(3) The layer removal should not introduce additional
stresses to the remaining material.

����� �� �� 	��
��� �	� �� ������ �������
���� �� �����	��

�� �� � 	�� � ���������� �� ���� ���	����� ������ ����

������� 	�� σ� 	�� σ�� �� �������	�� 	�� �������	� ����

������� 	�� ���
���	��� �� ���� ��

Now a uniform layer is removed so that the new upp
surface is at z=z1. Then, the moment per unit depth abo
the centerline can be related with stress distribution
below.

���

where Mx is moment, z0 is half thickness, and z1 is the
thickness from the original centerline to the removed s
face. For an isotropic material in the elastic range, 
moment can be written as a function of resulting curvat
in the x and y direction as below.

���

���� � �� ���
�
� 	�� ν �� ������� � �	���� ρ� 	�� ρ� ����

������ �
�!	�
�� �� �� � 	�� � ���������� ��������!���� "���

!������ �#� ��� 	� �� ���	���� $�� ������ 	�� �
�����
���� �#�

��� ������ �� $�������� �����	� ��������
�!	�
�� ���	�����

�%�

&$ �� �
�!	�
�� �� �� ��	��!���� ��������� �� !��� ��	���

��� ρ�'( 	�� σ�'νσ�� �
�� �#� �%� �������

× �)�

Mx z1( ) σx z( ) z
z0 z1–

2
�������������+ dz

z0–

z1

∫=

Mx z1( ) E–
12 1 v2–( )
���������������������� z0 z1+( )3 ρx z1( ) vρy z1( )+[ ]=

σx z1( ) E–
6 1 v2–( )
�������������������

z0 z1+( )2 dρx z1( )
dz1

�����������������

vdρy z1( )
dz1

��������������������+
 
 
 

4 z0 z1+( )  ×+

ρx z1( ) vρy z1( )+{ } 2 ρx z( ) vρy z( )+{ }dz
z– 0

z1

∫–

=

σx z1( ) = E–

6 1 v2–( )
�������������������

z0 z1+( )2dρx z1( )
dz1

����������������� 4 z0 z1+( )ρx z1( ) 2 ρx z( )dz
z– 0

z1

∫–+

Fig. 1.Schematic diagram for determination of the curvature a
coordinates.
108 Korea-Australia Rheology Journal



Measurement of residual stresses in injection molded short fiber composites considering anisotropy and modulus variation

er
er
n

 be
m-
to
es.
ted

 of
ed
r-
er-
M/

ee-
ce
eir

w. 

rs
ed in
 For
 by
ns

ith
er-

-
th
om-
pic.
the
so that only the curvature in the longitudinal direction need
to be measured.

2.1.2. Analysis with modulus variation
* ��	�� �� ���������� $�� �� �	�� ���� �� +�
���

���
�
�� ����� !	���� ��� ������� �� �� ����� 	�� 	� 	

�����
	� ������ �������
����� σ���� &$ 	 
��$��� �	��� ��

����!�� �� �	� �� 
���� �
�$	�� �� ���	��� 	� �'��� ��

��	�� ����� �� ������� ������	� $���� �#
������
� 	� ���
��

��	��� �� ���� �� &� �� ���
���� 	�� ,�	� 	�	������ ��

���
�
� �� 	��
��� �� �� 
��$���� �� �	� �� ��
��	� �
��

$	�� �� ���	��� 	� �� ������ �$ �� ���
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��� �� ���
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�

��	� �
�$	�� 	� �� �� ���������� $��� �� ���	���� ������

�.�

where w is the distance of the neutral surface from the ref-
erence surface (z=0) and Ex(z) is the Youngs modulus in
the x direction. Thus, from the eq. (5), the position of neu-
tral surface with respect to the removed depth can be deter-
mined as below.

�/�

The bending moment per unit width about the neutral sur-
face can be written as below.

�0�

Now what we require is a suitable relation between
moment and curvature when the modulus varies with
respect to the depth.

�1�

As in the Treuting and Read analysis, inverting eq. (7) for
the stress yields the equation below.

�2�

The moment derivatives in eq. (9) can be related with cur-
vatures from eq. (8).

��(�

The curvature in the transverse direction is assumed to be
very small in the above equation.

2.2. Prediction of modulus distribution
Mechanical properties of injection molded short fib

composites are strongly influenced by flow-induced fib
orientation. Thus, in order to predict modulus distributio
across the thickness, fiber orientation states should
known a priori. A quasi-steady state, non-isothermal, co
pressible, inelastic, and creeping flow of polymer melt in
a thin cavity is analyzed to predict fiber orientation stat
Modified Cross model and Taits state equation are adop
to consider shear-thinning behavior and compressibility
the polymer melt. Compressible version of generaliz
Hele-Shaw model is developed to calculate flow field du
ing the injection molding process. Pressure and temp
ature fields are obtained by the control volume based FE
FDM hybrid numerical technique.

Orientation tensors are introduced to describe thr
dimensional fiber orientation due to their ability to redu
the amount of computation significantly as well as th
normality and symmetry (Advani et al., 1987). The second
and fourth order orientation tensors are defined as belo

����

����

���� � ������� �� 
��� !����� �� �� $���� ��������� 	��

ψ �� �� ������	���� �������
���� $
������� ���� �!��
���� �$

$���� ������	���� �	� �� 3���� $��� �� ���
���� �$ ��

�#
	����� �$ ������	���� �	��� $�� �� ������ ����� ����

���	���� �������

��%�

where , CI is the interaction coefficient
proposed by Folgar and Tucker (1984), and re is the aspect
ratio of the fiber. The fourth order orientation tenso
appear in the above equations and should be express
terms of the second order tensors to avoid recurrence.
the purpose, hybrid closure approximation suggested
Advani and Tucker (1990) is applied. The above equatio
are solved by the fourth order Runge-Kutta method w
the upwinding scheme for convective terms so that num
ical stability should be insured.

Prediction of modulus distribution is carried out by defin
ing a unit cell in which matrix surrounds a single fiber wi
the same volume fraction as averaged for the entire c
posite. The unit cell is assumed to be transversely isotro
The Halpin-Tsai equation (1976) is adopted to predict 
modulus of the unit cell.

��)�

where . (15)

z w+( )Ex z( )dz
z0–

z1

∫ 0=

w z1( )  
zExdz

z0–

z1

∫

Exdz
z0–

z1

∫
���������������������–=

Mx z1( ) z w+( )σxdz
z0–

z1

∫=

Mx z1( ) z w+( )2 ρx vρy+

1 v2–
����������������� Exdz

z0–

z1

∫–=

σx z1( ) 1
z1 w+( )

�����������������

dMx

dz1

���������� Ex z1( )

dMx

dz1
����������

z1 w+( ) Exdz
z0–

z1

∫
������������������������������������dz

z0–

z1

∫–=

dMx

dz1
����������

ρxEx–

1 v2–( )
���������������� z1 w+( )2 1

1 v2–( )
����������������

dρx

dz1

��������–=

z2Exdz 2w+ zExdz w2+
z0–

z1

∫ Exdz
z0–

z1

∫
z– 0

z1

∫ 
 ×

aij pipjψ p( )dp∫°=

aijkl pipjpkplψ p( )dp∫°=

Daij

Dt
���������

1
2
���– ωikakj aikωkj–( ) 1

2
���λ γ� ikakj aikγ�kj 2γ� klaijkl–+( )+=

+2CIγ� δ ij 3aij–( )

λ re
2 1–( )= / re

2 1+( )

M
Mm
������� = 

1 ζξφf+
1 ξφf–

������������������

ξ = 
Mf/Mm( ) 1–
Mf/Mm( ) ζ+

�����������������������������.
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L and D are the length and diameter of the fiber. Km is bulk
modulus and Gm is the shear modulus of the matrix. Pois-
son’s ratio can be obtained by the rule of mixtures.

��(�

ν�� 	�� ν�� 	�� ��!�� �� ��������	���� �$ �������� ����

���	���� 	� ������

����

����

Elastic constants obtained by the above equations have the
following relationship with the components of the con-
tracted stiffness matrix of a unit cell.

��%�

To predict the mechanical properties of the composite with
an arbitrary fiber orientation, orientation averaging is
needed from the properties of a unit cell.

��)�

where <M> is an averaged tensor property. The following
orientation averaging scheme is performed to obtain the
stiffness as the fourth order tensor.

 

 ��.�

B1 through B5 are invariants which can be evaluated fro
the properties of the unit cell.

��/�

The fourth order orientation tensors in the eq. (25) a
approximated by the hybrid closure. Finally, modulus d
tribution can be obtained from the inverse of <C>ijkl tensor.

3. Experiment

����������� ������� ����$����� ��� % !��5 �)�. ��5�

�	���� $����� ���� ��4�� �� 
���� 	 ���������� �4��
���

��,&�6� 78�� �� �4��
���� ���3 ��	�� 	� �� ������	�
��

�$ �((°" 	�� �� �4��
�	��� ���� �
� ���� �������� ��

	!��	�� $���� ��	����� �	� /�1 µ� 	�������� �� �� �
��

�������

������� ��������� ���� ��9������������� �� 
���� 	�

��9������ ������� �	���� �:	����$����� ;�������� 	��

�	�� �$ �� ��9������������� ��������� 	�� ����� ��

���� �� �� ��9������ �����
�� �	� 1 6�	< ������ �����
��

�	� 0�. 6�	 	�� �	���� ������	�
�� �	� �((°"< ����

������	�
�� �	� /(°" 	�� $������ ���� �	� ��/ ���< ������

���� �	� . ���< ������� ���� �	� �. ����

Thin layers were successively removed from the sp
imen by using a milling machine (MD-30B, Hann Keu
Machinery & Co., Ltd.). During milling, the specimen
were held flat by a double-sided adhesive tape.
6	�� ��$$��
����� �� 	������� �� �	��������!	� �����

�� �������� 	!� ���� �������� �=	���� 	
 ��� �222�� ��

���� ������	� ������� �� �� ��$�
���� �$ 	�������	� ��������

��� �	� ���
� �
���� �	������� �
�� �� �� !��� ������

�	�� �� ������ �� 	�������	�� ������� ����� �� ����� ��� ��

������
�� 	�������	� �	������ ������� �� ������ 	� �����

�	� ������� ������ ��9������������� ��	� ����������� �����

ζE1
2

L
D
����=

ζE2
2=

ζG12
1=

ζG23

Km/Gm

Km/Gm 2+
�����������������������=

ν12 = νfφf + νm 1 φf–( )

ν21 = ν12
E2

E1

�����

ν23 = 
E2

2G23

����������� 1–

C11
1 ν23–( )E1

1 ν23– 2ν12ν21–
������������������������������������=

C22
E2

2 1 ν23– 2ν12ν21–( )
�������������������������������������������� G23+=

C44 G23=

C66 G12=

C12
ν21E1

1 ν23– 2ν12ν21–
������������������������������������=

C23
E2

2 1 ν23– 2ν12ν21–( )
�������������������������������������������� G23+=

M〈 〉 M∫° p( )ψ p( )dp≡

C〈 〉 ijkl B1 aijkl( ) B2 aijδkl aklδ ij+( )+=

+ B3 aikδjl ailδjk ajlδik ajkδil+ + +( )

+ B4 δijδkl( ) + B5 δikδ jl δilδjk+( )

B1 C11= C22 2C12– 4C66–+

B2 C12= C23–

B3 C66= 1
2
���+ C23 C22–( )

B4 C23=

B5
1
2
��� C22 C23–( )=

Fig. 2.Dimension of the injection-molded specimen.
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�� ��	�� ��	������� ������	�
�� �� ����!� ����	� ��������

�-	�������� 	
 ��� �22�� ���� ��
����� *$��� �
������!�

�	��� ����!	�� 	� �� �����	� �	������ ������ �� �����

����� ����� �������	��� �� ��$�������� ��� �����	���

�� 	������ �$ 	�� �������� ������
��� �� �	������� >	��

��
� ������� ������ ���� ������ ��� �� 	���	��� ��	�

����������� ��������� 	�� �).( ��� ����� �� ��	��

��$������� �$ 	���

The excessive heating caused by mechanical milling can
be a drawback in layer-removal of polymeric materials of
which the heat conduction is poor. To eliminate the errors
due to the machining heat generation and to make the
machined surface smoother, cutting oil was used. The spec-
imens before layer removal and the deformed specimen
after layer removal are shown in Fig. 3.

After the layer removal was done, the images of the spec-
imens were scanned and the curvature was measured by
image processing using a simple geometric principle illus-
trated in Fig. 4 and the following equation.

��0�

���� �� �� �� ����� �$ �� �������� 	�� � �� �� ����	���

������� �� ��� ���� �$ �� �������� 	$��� �	��������!	�

	�� ρ �� �� �
�!	�
��� �� ��	�� ���������� �	� ����

�
���� �� 
���� 	 ��������	� ��	�� 	�	����� ���� �&�	��

��� ��
� )��� 6���	 "����������®��

The relaxation and creep behavior can occur due to 
viscoelastic nature of the polymer. Jansen et al. (1999) per-
formed a recovery experiment with a curved strip that w
initially stress free. They first pushed the initially curve
specimen flat and then measured the time to recover
original curvature of the specimen again after loads w
removed. The samples showed almost 96 to 98% rec
eries after 10 minutes. Therefore, the curvature was alw
measured after 10 minutes after layer removal in t
experiment.

4. Results and discussion

The curvature is defined as positive when the specim
warps concave and as negative when convex after la
removal and the initial curvature is assumed to be zero. 
measured curvature data are interpolated by using na
cubic spline, which is a series of third-order polynom
functions between two data points and of which the fi
and second derivatives are continuous at all points. T
curvature data in x-direction with respect to z1 and the
interpolation function are shown in Fig. 5. It can be se
that the curvature continually increases having a nega
sign as the removed thickness increases. The curvatur
the transverse direction (y-direction) is negligibly small
compared with the curvature in the x-direction. From the
interpolation function of the curvature, the derivatives a
integrals of the fitted curve are obtained.

��� �� ���
���� 	�� ,�	� 	�	������ +�
�� � ���
�
�

	�� ������� � �	��� ���� �� �� ���������� 	� �����	���

��� 	�� �!	�
	��� �� 
���� -	�������	� �#
	���� ��#�

��)����2�� 	�� ��4�
�� �
�� ��#� ��(�� ��� �� 	��
������

ρ 4 L0
2 L2–

L0
2

����������������������=

Fig. 3.Specimens before and after layer removal (z0 − z1=0.24 mm).

Fig. 4.Determination of the curvature of a deformed plate.
Fig. 5.Measured curvature and fitted curve by natural cub

spline function.
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Fig. 6.Residual stress distribution determined from the measured
curvature by using the method proposed by Treuting and
Read.

Fig. 7.Numerically predicted (a) flow front advancement and (b) pressure distribution at the end of filling stage of injection m
process.

Fig. 8.Measured and predicted fiber orientation tensors across the thickness.
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It is previously noted that the residual stress distribution
can be determined with the formula proposed by White as
long as the modulus distribution is known and the cur-
vature data are obtained by layer-removal. Flow field
required for the prediction of fiber orientation is obtained
by numerical simulation and some results are shown in Fig.
7. In the previous study by Lee et al. (2001), the fiber ori-
entation tensor measured by a confocal microscope showed
a good agreement with the numerically predicted fiber ori-
entation tensor. The results are shown in Fig. 8. Therefore,
it is quite reasonable to use the predicted Young’s modulus
distribution calculated from the numerical simulation of
injection molding instead of the experimental results.
Young’s modulus distributions across the thickness calcu-
lated by the procedure mentioned above are shown in Fig. 9.
The distribution is symmetrical about the center plane of

the plate. Measured curvature variation, derivatives of 
curvature, integrals of the curvature, and distribution 
Young’s modulus are used in the eq. (10) to obtain 
derivatives of the moment, and they are used in the eq.
to determine the distribution of residual stresses across
thickness. The determined stress profile is plotted in Fig. 

It can be seen that the residual stress distribution sh
a similar profile to that by Treuting and Read analysis 
Fig. 6, in which there are also a surface region with tens
stresses, a core region with tensile stresses, and an i
mediate region with compressive stresses. The maxim
tensile stress is determined to be about 6 MPa and the m
imum compressive stress to be 18 MPa.

It can be seen in Fig. 11 that there is a difference betw
the result by White analysis considering Young’s modu
distribution and that by Treuting and Read analysis us
the uniform modulus. Both of the residual stress dis
butions have a similar profile, but the magnitude of t
maximum stress is somewhat different. Due to difficulti
in removing thicker part from the sample the experimen
domain is confined only to the two-thirds of half the spe
imen, where Young’s modulus distribution does not chan
severely so that the modulus remains almost constan
shown in Fig. 8. The residual stress distributions only dif
in the magnitude and have resembling results.

5. Conclusions

The residual stress distribution with respect to the thic
ness of the injection-molded short fiber reinforced co
posites is determined by the layer-removal method us
White analysis in which Young’s modulus variation is co
sidered, instead of Treuting and Read analysis in whic
uniform modulus distribution is assumed. The curvatu
changed by upsetting the stress equilibrium is measu

Fig. 9.Calculated Youngs modulus distribution through the
thickness.

Fig. 10.Residual stress distribution determined from the mea-
sured curvature and predicted Young’s modulus by using
the method proposed by White.

Fig. 11.Comparison between residual stress distributions ob
ined by White analysis and that by Treuting and Re
analysis.
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after removal of layers with different thickness and
Young’s modulus distribution is predicted by numerical
simulation of the injection molding process. In general, the
residual stress distribution shows tensile stresses at the sur-
face and core regions and compressive stress at the inter-
mediate region, which is well-known as the characteristic
residual stress distribution in injection-molded parts.
Although White analysis shows a similar result with Treut-
ing and Read analysis and is rather laborious, considering
Young’s modulus distribution is more appropriate for the
short fiber reinforced injection-molded composites that
show varying fiber orientation and modulus distributions
with respect to the depth.
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