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Abstract

To understand the large amplitude oscillatory shear (LAOS) behavior of complex fluids, we have inves-
tigated the flow behavior of a network model in the LAOS environment. We applied the LAOS flow to the
model proposed by Vaccaro and Marrucci (2000), which was originally developed to describe the system
of associating telechelic polymers. The model was found to predict at least three different types of LAOS
behavior; strain thinning (G’ and G” decreasing), strong strain overshoot (G’ and G” increasing followed
by decreasing), and weak strain overshoot (G’ decreasing, G” increasing followed by decreasing). The ove
shoot behavior in the strain sweep test, which is often observed in some complex fluid systems with little
explanation, could be explained in terms of the model parameters, or in terms of the overall balance betwee
the creation and loss rates of the network junctions, which are continually created and destroyed due to the
mal and flow energy. This model does not predict strain hardening behavior because of the finitely exten
sible nonlinear elastic (FENE) type nonlinear effect of loss rate. However, the model predicts the LAOS
behavior of most of the complex fluids observed in the experiments.

Keywords: large amplitude oscillatory shear (LAOS), complex fluid, network model

1. Introduction

Complex fluids are used in many fields of industry,
which are related with foods, personal care products, elec-
tronic and optical materials and many biological applica-
tions, for example. The rheological properties of a complex
fluid are closely related with its microstructure (Larson,
1999). Among many rheological measurements, dynamic
test or small amplitude oscillatory shear (SAOS) has been
most widely used because it is sensitive to the micro-
structure and has sound mathematical backgrounds
(Macosko, 1994). In many cases, the dynamic test is sen-
sitive enough to distinguish structural difference even in
nanometer scale or any subtle structural change evolved
during the processing. However, the SAOS test can be used
only at very small strain enough to guarantee the linear vis-
coelasticity because it is based on the linear viscoelasticity
theory.

As the strain increases, the stress is not sinusoidal any
more, and the behavior can no longer be described in terms
of the storage modulus and the loss modulus due to the
higher harmonic contributions (Dealy and Wissbrun,
1990). The dynamic test in the nonlinear region is often

called a large amplitude oscillatory shear (LAOS) te
because the strain amplitude is not small any more. T
LAOS behavior has been studied in depth but much l
than the SAOS because the nonlinear phenomenon is m
more complicated and difficult to analyze (Giacomin a
Oakley, 1992; Giacomin and Dealy, 1993; Yosick and G
comin, 1996). For example, the storage or loss modul
nonlinear region lose their mathematical background 
physical meaning defined in the linear region, and can
be treated as such. Very recently, the LAOS behavior
complex fluids is getting investigated with the concept 
Fourier transformation (Wilhelm et al., 1998; 1999; 2000;
See, 2001). Fourier transformation decomposes a wa
form or function in time domain into frequency depende
spectrum, then it sums to the original waveform with t
stress response, which has been decomposed into h
harmonics in the frequency domain. More precise analy
will require the Fourier transformation analysis, however
this paper, we first investigate the LAOS behavior in a le
precise way, neglecting the higher harmonic contributio
as most rheometers do, to compare the results with th
obtained from a strain sweep test in an actual rheome
Recently Hyun et al. (2002) summarized the phenome
nological observations of the LAOS behavior of compl
fluids, indicating that there exist at least four types 
LAOS behavior: type I, strain thinning (G’, G” decreas
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ing); type II, strain hardening (G’, G” increasing); type III,
weak strain overshoot (G’ decreasing, G” increasing fol-
lowed by decreasing); type IV, strong strain overshoot (G’,
G” increasing followed by decreasing). Each type is repro-
duced in Fig. 1.

The purpose of this paper is to investigate the mechanism
of such a complex behavior under large amplitude oscil-
latory shear. We have applied a network model as a tool to
understand the behavior of complex fluids under LAOS.
We have chosen a network model proposed by Vaccaro and
Marrucci (2000) and performed the LAOS test. The
characteristic feature of this model is that it considers
pendent (dangling) chains as well as active chains, so
that the model has two contributions from both active
and pendent chains. We will briefly review the theo-
retical aspects first.

2. Theory

2.1. Basic concepts of a network model 
In network models, a network is composed of segments

and junctions. Segment is a part of macromolecular chain
or a microstructure joining two successive junctions, and
the junctions are the points where the interactions are local-
ized. They are continually created and destroyed due to
thermal and flow energy. The Lodge model, one of many
network models, is the simplest and incorporates basic fea-
tures common in network models, but with some assump-
tions. First, the interactions are localized only at isolated
points. For this reason, dangling or free chains are
neglected in the Lodge model. Second, the material is
assumed to be incompressible, that is, we consider only
deformations at constant volume. Third, the flow is homo-

geneous. Fourth, the segment is a Gaussian chain. As
segments are lost and created during the flow, the netw
consists of segments with a distribution of ages. If we 
the number per unit volume of segments of length Q that
are created per unit time at time t be denoted by Li (Q, t),
and the probability per unit time that a segment will 
destroyed by λI

−1 (Q, t), then the convection equation tha
determines the distribution function of the segmen
becomes 

(1)

where Q is the segment vector, κκκκ is the transpose of the
velocity gradient tensor (κκκκ = ∇VT), and Ψi(Q, t) is a dis-
tribution function which is defined such that

Ψi(Q, t)dQ = number of segments per unit volume 
time t that have an end-to-end vector in th
range of dQ about Q (2)    

In this model, Li(Q, t) is the creation rate of the junction

and  is the loss rate. In other network models, t

main difference is the form of creation and loss rates (B

et al., 1987; Ahn and Oaski, 1995; Yosick et al., 1997).

However, the model proposed by Vaccaro and Marru
(2000) is different from most of other network models 
that the effect of dangling chains is taken into accou
They considered the simple case of telechelic cha
which are 3-block molecules of the form A-B-A, with B 
long water-soluble polymer and A a comparatively sh
hydrophobic segment. The telechelic chain can be vi
alized as an otherwise ordinary polymer carrying tw
sticky points at the extremities, which tend to segregate
sticking together. In concentrated solutions, most cha
form loops, while some chains have their sticky points
neighboring micelles, thus forming elastic bridges betwe
them. They concentrated on the dynamics of the ac
chains, ignoring the role played by the loop chains. Act
chains will occasionally become pendent when one of 
two sticky points detach from the aggregate. Pend
chains will soon reattach again to the network. Theref
there are two distribution functions for the active and pe
dent chains respectively.

We now explain the large amplitude oscillatory she
(LAOS) test. The imposed shear strain is

γ(t) = γ0 sin(ωt) (3)

and the shear rate becomes

(4)

Then a linear shear stress response is sinusoidal as
lowing.

(5)

∂Ψi

∂t
--------- ∂

∂Q
-------– ΨΨΨΨiκκκκ Q⋅[ ]⋅ Li Q t,( ) Ψi

λi Q t,( )
-----------------–+=

Ψ i

λi Q t,( )
-----------------

γ· t( ) γ0  cos ωt( )sin=

σ t( ) σ0 ωt δ+( )sin σ'0 ωt( )sin σ''0 ωt( )cos+= =

Fig. 1.Types of LAOS behavior observed in experiments: strain
thinning, strain hardening, weak strain overshoot, and
strong strain overshoot (clockwise from top left).
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In the linear regime, the storage modulus G’ and loss mod-
ulus G” are defined as;

(6)

where δ is the phase angle. When the shear strain ampli-
tude γ0 becomes large, the stress response is no longer sinu-
soidal but can be represented as a Fourier series containing
multiple harmonics of stress contribution,

(7)

where the amplitude σn (ω, γ0) of the harmonics depend on
the strain amplitude and the frequency. The higher har-
monic contributions to the stress tensor can be analyzed by
the spectra in Fourier space with respect to their frequency.
However, in this paper, we calculate the dynamic moduli
as if it is done in a rheometer, neglecting the higher har-
monic contributions, to compare the results with those
obtained from a strain sweep test in an actual rheometer.
Therefore, G’ and G” at large strain can be named as the
effective storage and loss moduli respectively. In this
paper, G’ and G” will be interchangeably used as the effec-
tive elastic modulus and the effective loss modulus for con-
venience afterwards.

2.2. Mathematical formulation of the Marrucci
model

Vaccaro and Marrucci (2000) assumed that the sum of
the number of active and pendent chains is constant. 

(8)

(9)

where υa is the number of active chains per unit volume
existing at any time t, and υp, the analogous quantity for
pendent chains. The distribution function of active chains
is assumed to be

(10)

where ψ(R, t) is the distribution function for the active
chains and the three terms on the right-hand side result
form chain deformation, detachment from the network, and
attachment to the network, respectively. The distribution
function of pendent chains is assumed to be

(11)

where ϕ(R, t) is the distribution function for the pendent
chains. In the pendent chains the divergence term is more
complex due to thermal motion. The effect of thermal
motion is considered through the diffusion terms of the end

bead and the elasticity of the connecting spring. The sp
force F is assumed to be 

(12)

where b and N are the length and the number of Kuhn se
ments, respectively. The kinetic terms are written as f
lows

(13)

(14)

where R0=bN1/2 is the end-to-end distance at equilibrium
and α0, α1 and β0 are rate constants(dimensions of reci
rocal time). The expression of the corresponding stress 
sor T(t) is

(15)

where Ta and Tp are the contributions of active and pende
chains, respectively.

3. Results and discussion

The Marrucci model has three parameters; two creat
rate constants (α0 and α1) and one loss rate constant (τ or
β0

−1). As the creation rate constants (α0 and α1) increase,
the number of active segment increases, while the num
of active segment decreases as the loss rate constanτ)
increases. We investigated the stress response under L
by varying α0 and α1 from 5 to 20 and τ from 0.01 to 1.0.
As the loss rate constant τ is related to the relaxation time
the rheological properties are supposed to show a 
quency dependent behavior. The range of parameter
investigated here is wide enough to cover the diverse 
uations that are physically meaningful. Furthermore be
the parameter set the same, the response of strain s
depends on frequency. For this reason, we have chan
the parameter set at various frequencies. By performing
strain sweep test, we have found that the model pred
four different types in LAOS behavior. Three types out 
four reproduce the LAOS behavior observed in expe
ments and one looks unphysical.

Type A (Strain thinning)
This type appears when α0 is large, α1 is zero and τ is

small. In addition this type appears only when the impos
frequency is smaller than the crossover frequency. In th
cases, the effective storage modulus and the effective 
modulus decrease as the strain amplitude increases be
the critical strain, while they are constant at small stra
This pattern is shown in Fig. 2. This is the typical behav
of strain sweep results of most polymer solutions or me
Because the chain of polymer solutions or melts is in

G' σ0 δ( )cos γ0⁄ σ'0 γ0⁄= =  G'' σ0 δ( )sin γ0⁄ σ''0 γ0⁄= =,

σ t( ) σn nω0t δn+( )sin
n 1 odd,=

∞
∑=

υa t( ) υb t( ) υ const= =+

ya
υa

υ
-----=  yp

υp

υ
-----=  ya yp 1=+, ,

∂ψ
∂t
------- ∂

∂R
------– ψψψψκκκκ R⋅( ) ββββ R( )ψψψψ αααα R( )ϕϕϕϕ+–⋅=

∂ϕ
∂t
------ ∂

∂R
------– D–

∂ϕ
∂R
------ ϕϕϕϕ D

kT
------F R( ) ϕϕϕϕκκκκ R⋅+ + 

  αααα– R( )ϕϕϕϕ ββββ R( )ψψψψ+⋅=

F R( ) 3kT

Nb2
---------– 2

1 R2– Nb( )2⁄
-----------------------------=

αααα R( ) αααα0 αααα1
R
R0
-----+=

ββββ R( ) β0

1 R2– Nb( )2⁄
-----------------------------=

T Ta Tp υ FR–〈 〉a FR–〈 〉p+( )=+=
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state of entanglement at small strain, the storage and the
loss modulus remain constant in linear region. The creation
rate remains constant as strain increases because the cre-
ation rate in this case does not depend on end-to-end dis-
tance R, while the loss rate become larger than the creation
rate as strain increases. Hence, the parameter set leads to
strain thinning behavior as the strain amplitude increases.

Type B (Strong strain overshoot)
When α1 is larger than α0 and τ is small, both G’ and G”

show an overshoot at intermediate strain amplitude near
the crossover frequency as shown in Fig. 3. When α1 is
larger than α0, the creation rate becomes larger as the strain
amplitude increases, and the loss rate increases too. As a
result of the balance between the creation and loss rates,
there appears an overshoot at intermediate strain ampli-
tude. However the moduli decrease at larger strain as the
loss rate becomes more dominant due to the FENE
(Finitely Extensible Nonlinear Elastic) type nonlinear
effect of loss rate. A hydrophobically modified alkali-

swellable associative polymer (HASE) system is known
show the behavior of this type (Tirtaatmadja et al., 1997).

Type C (Weak strain overshoot)
When α0 is larger than α1 and τ is small, the effective

storage modulus G’ decreases with strain, but the effec
loss modulus G” has an overshoot as shown in Fig.
When α0 is larger than α1, the creation rate has a weake
dependence of strain amplitude than the case of type
and the creation rate increases slowly while the loss 
increases faster than the creation rate as the strain am
tude increases. As the creation term in this case is sma
than that of type B, the overall balance between the c
ation and loss rates in this case leads to weaker harde
effect than the former case. As a consequence, only
shows an overshoot. Both G’ and G” decrease at lar
strain due to the nonlinear effect of loss rate and the c
pling effect of the distribution functions. This behavior 
observed in some complex fluids, such as diblock cop
ymer or surfactant solutions (Daniel et al., 2001), biopoly-
mer systems like dough (Phan-Thien et al., 1998; 2000),
xanthan gum solutions (Hyun et al., 2002), emulsion of
immiscible mixtures (Mason et al., 1997; Bower et al.,
1999), fumed silica suspensions (Raghavan and Kh
1997; Yziquel et al., 1999), and the electrorheological flu
ids like a suspension of acid alumina particles in po
(dimethylsiloxane) under the electric field (Dealy an
Wissbrun, 1990).

Type D (The storage modulus overshoot and the
loss modulus undershoot)

When τ and frequency are large irrespective of the c
ation rate parameters, the effective storage modulus G’
an overshoot but the effective loss modulus G” decrea
and increases as shown in Fig. 5. The phase behavio
type D is compared with type B in Fig. 6, which shows t
phase diagram of the stress and the strain in reduced u

Fig. 2.Type A: strain thinning (with parameter set α0=5, α1=0,
τ=0.01, at frequency 0.01).

Fig. 3.Type B: strong strain overshoot (with parameter set α0=1,
α1=5, τ=0.01, at frequency=0.178).

Fig. 4.Type C: weak strain overshoot (with parameter set α0=5,
α1=1, τ=0.01, at frequency=0.178).
52 Korea-Australia Rheology Journal
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For type B, the stress signal is partially in phase with the
imposed strain and shows an elliptical orbit at small strain.
As the strain increases, the orbit grows outward and
becomes non-elliptic. This means that the stress signal is
no longer sinusoidal in time domain because of the higher

harmonic contributions to the stress signal. This behavio
well known in the literature. However unlike type B, th
orbit of type D shrinks inward from the outer elliptica
orbit, and the stress signal becomes partially in phase w
the imposed strain. The orbit then stretches outward, 
the stress signal becomes out of phase with the impo
strain at large strain amplitude. The phase diagram in
cates that the material have strong elasticity at an in
mediate strain and recovers the viscoelastic properties o
a critical strain. The high frequency and relaxation tim
means that the material is more solidlike. However, t
effective storage and loss moduli always decrease du
the nonlinear effect of loss rate at larger strain amplitud
The behavior of this type has rarely been reported. Sim
behavior was observed in the blend of Hyaluronate a
PVA (polyvinyl alcohol)-borax in our experiments, wher
both G’ and G” show the minimum and maximum. How
ever only G” shows such a behavior in this type, and 
mechanism is quite different. In the case of biopolym
blends, the contribution from each component is simp
added with a small amount of interactions. We may fi
this kind of materials near future, but as of now we w
exclude this type in classifying the complex fluids.

Frequency sweep
At low frequency, the effective storage modulus increas

in proportion to the square of frequency and the loss m
ulus proportional to frequency. It is typical in the linear vi
coelastic behavior. As the frequency increases over 
crossover point, the loss modulus decreases and reac
plateau and then decreases again as shown in Fig. 7. 
behavior seems to follow the two-mode Maxwell mode
This is because the model has two distribution functio
both for active and pendent chains, and the stress is
sum of two contributions. We separated the contribution
active and pendent chains in Fig. 8. The effective stor

Fig. 5.Type D (with parameter set α0=5, α1=1, τ=1.0, at fre-
quency=0.02).

Fig. 6.Phase diagram of stress and strain for type B (upper) and
type D (lower). As strain amplitude increases, the loop goes
outward for type B showing the viscoelastic behavior,
while it shrinks inward and then goes outward for type D.

Fig. 7.Storage and loss moduli as functions of frequency 
type B (with parameter set α0=1, α1=5, τ=0.01).
Korea-Australia Rheology Journal June 2002 Vol. 14, No. 2 53 
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modulus is dominated by the contribution of active chains.
However, it becomes complicated in the case of loss mod-
ulus. At low frequencies, the contribution of active chain is
dominant, but the high frequency behavior is dominated by
the contribution of pendent chain. That is, the pendent
chains contribute to the viscous properties at high fre-
quencies or the response at short time intervals. This com-
plicates the response of the material, leading to a bimodal
shape in the loss modulus. We have considered the behav-
ior of active and pendent chains independently. The fre-
quency sweep result of active chain shows a typical
viscoelastic behavior, while that of pendent chain causes a
plateau region at intermediate frequencies, leading to a
bimodal shape. This behavior is also observed in polymer
mixtures with different molecular weight distributions
(Ferry, 1980).

4. Conclusions

We have investigated the LAOS behavior of the Marrucci
model, which was originally developed to describe the sys-
tem of associating telechelic polymers. The model predicts
three types of LAOS behavior: type A; strain thinning (G’
and G” decreasing), type B; strong strain overshoot (G’
and G” increasing followed by decreasing), type C; weak
strain overshoot (G’ decreasing, G” increasing followed by
decreasing). Type D looks unphysical. We could explain
the strain overshoot behavior in terms of the balance
between the creation and loss rates. In type B, the creation
rate becomes larger as the strain amplitude increases, and
the loss rate increases too. As a result of the balance
between the creation and loss rates, there appears an over-
shoot at intermediate strain amplitude. In type C, the cre-
ation rate has a weaker dependence of strain amplitude
than the case of type B, and the creation rate increases

slowly while the loss rate increases faster than the crea
rate, leading to an overshoot of G” only. Compared w
the experimental observation of Hyun et al. (2002), the
types of LAOS behavior predicted by this model does n
show the strain hardening behavior because of the FE
type nonlinear effect of loss rate. However, the model p
dicts all the other types of LAOS behavior.
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