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Abstract

Prediction of the product shape in sheet casting process is performed from the numerical simulation. A
three-dimensional finite element method is used to investigate the flow behavior and to examine the effect
of processing conditions on the sheet produced. Effects of inertia, gravity, surface tension and non-New
tonian viscosity on the thickness profile of the sheet are considered since the edge bead and the flow pa
terns in the chill roll region have great influence on the quality of the products. In the numerical simulation
with free surface flows, the spine method is adopted to update the free surface, and the force-free bounda
condition is imposed along the take-up plane to avoid severe singularity problems existing at the take-u
plane. From the numerical results of steady isothermal flows of a generalized Newtonian fluid, it is shown
that the draw ratio plays a major role in predicting the shape of the final sheet produced and the surfac
tension has considerable effect on the bead thickness ratio and the bead width fraction, while shear-thinnin
and/or tension-thickening viscosity affect the degree of neck-in.

Keywords : sheet casting process, finite element method, draw ratio, neck-in, bead thickness ratio, bea
width fraction

1. Introduction

The polymer processings such as fiber spinning, film and
sheet casting, curtain coating, and film blowing can be
mostly described by elongational flows. Out of various
processings, the sheet casting process has its importance in
manufacturing polymeric films and sheets. The flow
characteristic in sheet casting is planar, generally consid-
ered to be a three-dimensional flow, and shows mixed,
both planar and uniaxial, elongational flow behavior. A
simplified processing diagram of sheet casting process is
shown in Fig. 1. A molten polymer is extruded through a
flat slit die to form a sheet and then stretched in air at a
distance between the die-exit and the chill roll which
quenches the melt and solidifies it for wind-up. The lon-
gitudinally stretched sheet passes over cooled stabilizing
rolls before progressing to a preheating zone for drawing
and orientation in the transverse direction. Indeed, the
sheet develops an edge and forms an edge bead, and
eventually the thick edge on the frozen sheet is trimmed
off and recycled. The take-up velocity at the chill roll is

greater than the extrusion velocity at the die. The ratio
the cross-sectional area of the sheet emerging from 
die-exit to that of the sheet at the chill roll is defined as 
draw ratio. For incompressible fluids, this is equal to t
ratio of the take-up to extrusion velocities.

The film and sheet casting process has long been stu
for the two-dimensional problems of Newtonian fluid
(d'Halewyn et al., 1990; Song, 1993) and of viscoelas
fluids (Alaie and Papanastasiou, 1991; Debbaut and M
chal, 1995). These studies allow modeling of the we
known edge bead defect but cannot obtain the shape
complete edge bead. It was shown that the resulting 
coelastic films get thin and velocities increase abruptly j
downstream of the die-exit compared to the Newton
films. In the film casting process, the edge bead is diffic
to handle, the film cannot be wound properly, and t
mechanism forming the edge bead is not clear yet. T
causes of edge bead were studied by Dobroth and Er
(1986). Three causes of edge bead were discussed: su
tension, die swell and edge stress effect. They predic
that the predominant cause of edge bead is an edge s
effect and this effect is a result of the difference in a w
that the edge and center are stretched. The stability ana
on draw resonance was performed for the isotherm
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Newtonian extending film and sheet (Yeow, 1974) and
extended to the isothermal viscoelastic film casting
(Anturkar et al., 1988). These studies indicate that shear-
thinning fluids are less stable and fluids with higher fluid
characteristic time are more stable. Recently, a Newtonian,
isothermal time-dependent two-dimensional model, con-
stituted of an elastic-like equation for velocity coupled to a
transport equation for thickness and a free surface com-
putation, was developed (Silagy et al., 1999), and the onset
of the draw resonance instability was studied. 

The uniform thickness of the film is of prime importance
in the industrial sheet casting process. In this work, we
would like to consider the effects of the three-dimensional
flow behavior in sheet casting in order to observe the sheet
profile carefully. Singular stress may appear on the chill
roll region and flows with stress singularities pose obsta-
cles to numerical simulations. A proper mathematical
representation of the boundary condition at that region is
required for numerical computations. It is also important to
know at the design stage the causes of edge bead to select
proper operating condition, and to control the flow pattern
by processing steps. It is hard, however, to predict these
behavior from a process, since they are strongly affected
by several conditions in processing steps. Therefore, the
effects of draw ratio, inertia, gravity, surface tension and
the rheological properties of the generalized Newtonian
fluid are examined with three-dimensional numerical
simulations.

2. Problem description

2.1. Governing equations
A planar sheet of polymer is extruded through a die of

thickness 2Ho and width 2Wo, and is continuously taken-up
at the chill roll, by a constant velocity uL, which is greater
than the extrusion velocity uo as shown in Fig. 2. The fluid

is assumed to be incompressible and only steady flow
considered. The equations governing the flow field a
those of continuity and momentum.

(1)

(2)

In eqs (1) and (2), v = (u,v,w) is the velocity vector, p is
pressure, ττττ is the extra stress tensor which is governed 
the constitutive equation, f is the body force per unit vol-
ume, and ρ is the density of the fluid.

Polymer solutions in steady shear flow typically exhib
viscosity that decreases with increasing shear rate ov
certain range, whereas in steady elongation flow th
ordinarily display viscosity that increases with increasi
elongational rate. The rheological constitutive equati
concerned in this work is a generalized Newtonian mod
which is inelastic and concise model being able to re
resent the shear-thinning and tension-thickening viscosi
of polymer solutions. They have the form of

(3)

where the viscosity η is a function of shear rate  an
elongational rate  of the system. It is well establish
that the viscosity in steady shear flow can usually be r
resented by the power-law equation :

(4)

Recently it has become evident that the viscosity 
steady elongation flow can also be represented by
analogous equation :

∇ v 0=⋅

ρv ∇v ∇p– ∇ ττττ f+⋅+=⋅

ττττ η γ· ε·,( ) ∇v ∇vT+( )=

γ·

ε·

ηsh ηo  γ ·
n 1–

=

Fig. 1.Schematic diagram of sheet casting process.

Fig. 2.Flow domain for numerical calculation.
108 Korea-Australia Rheology Journal
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The important features of the model can be investigated
by varying the power-law indices n and m.

2.2. Boundary conditions
The boundary is composed of an extrusion line, a free

surface and the take-up line at the chill roll. A flow domain
is shown schematically in Fig. 2.

The velocity profiles of unidirectional flow and no cross-
sectional flow are imposed on the die-exit.

u(0,y,z) = uo,     v(0,y,z) = w(0,y,z) = 0 (6)

On the free surface, the velocity component normal to
the free surface and the stress component tangential to the
free surface vanish.

n�v = 0 (7)
σnt = 0 (8)

where n and t are the unit normal and tangent vectors to
the free surface. The sheet casting process considered in
this work is thought to be affected by surface tension. If
the principal radii of curvature of the free surface are R1

and R2, the total curvature of the surface is readily estab-
lished by 1/R1 + 1/R2. If the total curvature of the surface
is denoted by 1/R and the normal vector to the surface is
oriented outside, then the normal traction σnn on the curved
part of free surface is given by

(9)

where κ is the surface tension coefficient.
It is difficult to represent mathematically how real fluids

behave at the take-up plane near the chill roll region. Here,
we try two types of boundary conditions at the take-up
plane. First, it is general to use unidirectional flow con-
dition for the axial velocity and zero cross-sectional flow
condition,

u(L,y,z) = uL,     v(L,y,z) = w(L,y,z) = 0 (10)

These conditions have been used generally for one- or
two-dimensional study in previous literatures on free sur-
face problems. The second set of boundary conditions is

u(L,y,z) = uL,    Fy(L,y,z) = Fz(L,y,z) = 0 (11)

It is the representative case of the force-free boundary
condition. In this work, we examine the effects of both
boundary conditions, eqs (10) and (11) on the numerical
simulation. Symmetry conditions are imposed to reduce
the size of the problem, where possible (planes ABFE and

BDHF in Fig. 2).

3. Numerical method

3.1. Galerkin finite element formulation
Two types of three-dimensional elements are employ

for the discretization of the flow domain into finite ele
ments, the 27-node hexahedron and 18-node triang
prism elements. Both elements are isoparametric with 
quadratic approximations ψi for the velocity components
and trilinear approximation φi for the pressure. And 27 (3
�3�3) integration points for the hexahedron eleme
and 21 (3�7) integration points for the prism element a
used (Lee and Lee, 1990).

After the standard Galerkin procedure is applied, eqs 
and (2) yield

(12)

(13)

where the symbol � � � stands for the integration over th
volume of the system. The resulting Galerkin formulatio
of eqs (12) and (13) are given in Appendix.

3.2. Free surface update scheme
Free surface flows are nonlinear problems because

position of the free surface is unknown a priori  and its
determination has to be a part of the numerical calculati
The spines are predefined straight lines in space. A b
point xi

B and a unit vector ei determine the spine and th
free surface nodes are then given by

xi
F = xi

B + hi ei (14)

where the distance hi is the free surface parameter to b
determined, by following the procedure suggested by K
tler and Scriven (1984). The direction ei for the dis-
placement of the free surface is defined a priori  and fixed
during the iterative process. However, the direction ei is
allowed to vary from node to node. The other nod
along the same spine move in the predefined proportio
The spines are allowed to move on y-z plane only at giv
x coordinate throughout the calculation.

The weighted residual form of the kinematic conditio
eq (7), is used to solve the free surface parameters

�ψi ; nxu + nyv + nzw�= 0 (15)

and only the elements that have free surface bound
contribute to eq (15). Biquadratic approximation is us
for the free surface.

The three-dimensional free surface formulation 
sheet casting is faced with the complicating features

ηel ηo  ε ·
m 1–

=

σnn
κ
R
----=

φi ; ∇ v⋅〈 〉 0=

ψi ; ρv ∇v ∇p ∇ ττττ⋅–+⋅〈 〉 ψi ; fi〈 〉=
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the edge region. To find a location of the highest edge
point causes numerical inaccuracy. The highest edge
point is hard to be determined accurately unless it lies on
a spine. In the spine approach it is found that the global
solution is much mesh dependent until the calculation
domain has very fine elements, in the vicinity of the
edge region.

3.3. Iteration schemes
The Newton-Raphson method is used as an iterative

scheme to solve the nonlinear set of governing equa-
tions. Equations (12) and (13) with boundary conditions
eqs (6)-(11) are solved at each iteration and the resulting
systems are solved by the frontal elimination technique.
Instead of direct use of the calculated field variables as
the next iteration step, a stabilizing relaxation scheme is
employed. Relaxation factor ranges between 0.2 and 0.8
depending on the draw ratio of the system. Usually, a
lower value of the relaxation factor is employed for a
free surface parameter than those for other field vari-
ables. A large number of iteration is required, normally
10-80 iterations, inversely proportional to the relaxation
factor.

The initial finite element meshes are illustrated in Fig. 3.
These meshes are generated by using the commercial finite
element program POLYFLOW® and modified in each case

based on its continuity. Table 1 gives a detailed measur
the size of problems studied. We keep the total melt dra
length L and the die half-thickness (Ho = 0.1L) constant
throughout the numerical work. MESH1 is designed 
observe uniaxial elongational flow and dimensione
Wo = 0.2L , while MESH3 is used to look into mixed
(planar and uniaxial) elongational flow, where the d
half-width Wo is 7L or 8L. MESH2 is used to observ
the intermediate flow behavior between the two extrem
cases of MESH1 and MESH3, where the die half-wid
Wo is 2L or 5L.

4. Results and discussion

The prime importance of the sheet casting process i
achieve a uniform thickness film at the final products.
has been observed in practice that the sheet forms
edge bead, and periodic variation in thickness prof
along the width direction, so called draw resonance. T
three-dimensional analysis does not require the additio
assumptions usually made in one- or two-dimensio
analysis and is expected to give more accurate predic
of the sheet profile.

In this work we consider the degree of neck-in, the be
thickness ratio and the bead width fraction of the fin
sheet at the chill roll region. The degree of neck-in (N
represents the percentage of the decrease in the final s
width to the initial sheet width (see Fig. 2) given as

 (16)

The bead thickness ratio (BT) is defined by the ratio 
edge to center thickness of the sheet (see Fig. 4) given as

(17)

The bead width fraction is arbitrary defined in this stud
by the percentage of the width between a point of 1.2 tim
the final center thickness and the end of the edge to
final width (see Fig. 4) given as

(18)

where the selection of Wedge is optional. Using above three
parameters, eqs (16)-(18), the following effects of pr
cessing conditions are examined.

NI 1
WL

Wo
--------– 

  100×=

BT
Hedge

Hcenter
--------------=

BW
Wedge

WL
------------- 100×=

Fig. 3. Perspective view of initial meshes : (a) MESH1, (b)
MESH2, (c) MESH3.

Table 1. Size of the problems.

Elements Nodes VariablesFrontal width

MESH1 105 924 3,087 346

MESH2 195 1,848 6,135 356

MESH3 240 2,277 7,554 356
110 Korea-Australia Rheology Journal
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4.1. Effect of boundary conditions
Sheet casting is a problem which may have stress sin-

gularity and this may interrupt the numerical convergence.
Accordingly, a proper boundary condition which can alle-
viate the singular stress is required. If we impose eq (10)
on the take-up plane, there appears a sudden change in the
boundary condition, from the free surface to zero cross-
sectional flow at the take-up plane and this can cause a
stress singularity. Fig. 5 shows the pressure distributions
obtained along a free surface line at z = 0 (line DH in Fig.
2) at draw ratios of 2 and 4 on MESH1, where solid lines
indicate the results of the force-free boundary condition, eq
(11), and dashed lines designate the results of zero cross-
sectional flow condition, eq (10). It reveals that the pres-
sure difference in the vicinity of chill roll region is large,
increases as the draw ratio increases, and is larger in the
case of zero cross-sectional flow boundary condition than
in the case of force-free boundary condition. The depend-

ence of stress singularity on the boundary condition at 
chill roll region is related to the numerical convergence a
the domain of convergence can be extended by impos
the force-free boundary condition on the chill roll regio
The result implies that this condition is more appropriate
both numerical and physical points of view.

4.2. Effect of draw ratio
The draw ratio (Dr) is one of the most important para

eters in sheet casting process. To examine the effec
draw ratio, the fluid inertia, gravity, surface tension, and 
drag are ignored. The final sheet profiles at the chill r
region for various draw ratios are shown in Figs. 6-8. In
these figures, the ratio of initial width to melt drawn lengt
Wo/L, is changed from 0.2 to 8 and Ho is fixed to 0.1L. In
the case of Wo/L = 0.2 shown in Fig. 6, the flow kine-
matics turns out to be similar to the uniaxial elongation
flow, while the flow kinematics shows locally mixed, bot
uniaxial and planar, elongational flow behaviors when Wo/
L = 8 , as shown in Fig. 8. When the draw ratio increases
the final width decreases and the thickness profile chan
such that the edge becomes thick, that is, the bead th

Fig. 4.Sketch of the edge bead section and definitions of bead
thickness ratio and bead width fraction.

Fig. 5.Effects of two types of boundary conditions at the chill
roll on the pressure distribution along DH in Fig. 2 (

�

:
force-free condition, ---  : zero cross-sectional flow con-
dition).

Fig. 6.Perspective view of final meshes for the sheet casting
when Wo/L = 0.2 : (a) Dr = 2, (b) Dr = 10, (c) Dr = 20.
Korea-Australia Rheology Journal June 2000 Vol. 12, No. 2 111 
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ness ratio increases. The two-dimensional view of the fi
sheet profiles in the case of Wo/L = 2 and Dr = 10 is shown
in Fig. 9. The sheet width at x-y symmetry plane (BDH
plane in Fig. 2) shows S-shaped profile, the sheet thickne
at x-z symmetry plane (ABFE plane) shows exponentia
decreasing profile, and the sheet thickness at the chill 
region (EFHG plane) shows considerable edge bead 
file. The larger the value of Wo/L , the smaller the domain
of numerical convergence. Oscillatory behavior of she
profile is seen along the width at large draw ratios and t
is an obstacle to numerical convergence.

In Fig. 10, the degree of neck-in is plotted against t
draw ratio for various ratios of Wo/L. The value of draw
ratio especially plays a key role on the increase of 
degree of neck-in for the low values of Wo/L. Fig. 11
shows the bead thickness ratio as a function of draw r
for various Wo/L. For the same value of Wo/L, it is found
that the bead thickness ratio grows with the draw ra

Fig. 7.Perspective view of final meshes for the sheet casting
when Wo/L = 2 : (a) Dr = 2, (b) Dr = 10, (c) Dr = 14.

Fig. 8.Perspective view of final meshes for the sheet casting
when Wo/L = 8 : (a) Dr = 2, (b) Dr = 6, (c) Dr = 10.

Fig. 9.Two-dimensional view of final sheet profiles when Wo/
L = 2 and Dr = 10 : (a) sheet width profile at x-y sym-
metry plane, (b) sheet thickness profile at x-z symmetry
plane, (c) sheet thickness profile at the chill roll region.
112 Korea-Australia Rheology Journal
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However, it is difficult to reach quantitative comparisons of
bead thickness ratio for various values of Wo/L because
these results are obtained from different meshes and the
highest edge point does not lie on the spine for some cases.
When Wo/L is 0.2 (not shown in Fig. 11), the bead thick-
ness ratio has little effect on the draw ratio and has nearly
constant values of 1.03-1.08. The bead width fraction as a
function of draw ratio at different values of Wo/L, is shown
in Fig. 12. This is dependent on the ratio of Wo/L and
decreases as the ratio of Wo/L increases.

In order to examine the effect of initial thickness, the
draw ratio and the value of Wo/L are fixed to 6 and 5,
respectively. The effects of the degree of neck-in and the
bead thickness ratio together with the bead width fraction
are examined as a function of the ratio of initial width to

initial thickness, Wo/Ho. It is found that the degree o
neck-in, the bead thickness ratio, and the bead wi
fraction are independent of the ratio of Wo/Ho. Therefore,
the characteristic dimensionless length parameter de
mining these effects seems plausible to set to the Wo/L in
the range of interest.

4.3. Effects of inertia and gravity
In this section, we would only consider the case of Wo/

L = 2 and Dr = 10. Firstly, in order to consider the effect 
inertia, the gravity force and surface tension are assume
be negligible. Reynolds number in this process which r
resents the ratio of the inertial to viscous forces is defined

(19)

Cases up to the Re of 10 have converged. The R
nolds number in sheet casting industry is usually n
high and therefore, it seems valid to perform the analy
only up to Re = 10. As shown in Fig. 13, the degree 
neck-in and the bead thickness ratio are reduced as
increases, whereas the bead width fraction has li
change. It is found from these results that the inertia ex
a larger effect on the sheet thickness profile than on 
sheet width profile.

Secondly, to see the effect of gravity, the sheet 
assumed to be extruded in a vertical way from the die-e
as shown in Fig. 1. Thus, the gravity works only in the x
direction. The gravity effect in the viscous flow is usual
characterized by the Stokes number, which is the ratio
the gravitational to viscous forces, defined as

(20)

Re
ρuLL

η
------------=

St ρgL2

ηuL
------------=

Fig. 10.The degree of neck-in as a function of draw ratio for
various Wo/L.

Fig. 11.The bead thickness ratio as a function of draw ratio for
various Wo/L.

Fig. 12.The bead width fraction as a function of draw ratio for
various Wo/L.
Korea-Australia Rheology Journal June 2000 Vol. 12, No. 2 113 
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The numerical computations converged up to St = 1,
which corresponds to Re = 0.102. The unstable sheet pro-
file in the width direction is observed even at the low
Stokes number. It is uncertain whether this irregularity is
attributed to numerical errors or flow instabilities under
this condition. Anyway, the numerical results shown in
Fig. 14 reveal that the gravity acts to reduce the neck-in
and gives little effect on the bead thickness ratio and the
bead width fraction.

4.4. Effect of surface tension
Surface tension has been one of the plausible explana-

tions for edge bead formation. The Capillary number
which characterizes the ratio of viscous force to surface
tension is defined as

(21)

Keeping all other conditions constant, the Capillary
number is changed by varying κ, but the convergence
could not be reached for Ca < 1.67. High Capillary num-
ber corresponds to low surface tension and presumably,
negligible effects on the free surface. At lower capillary
numbers, the degree of neck-in and the bead width frac-

tion are smaller and the bead thickness ratio is large
shown in Fig. 15. This leads to the conclusion that s
face tension has little effect on the width profile but lar
effect on the bead thickness ratio of the sheet. The lo
the capillary number, the bigger the edge bead. T
agrees with the previous studies in the literature (Dobr
and Erwin, 1986).

4.5. Effect of viscosity function
The behavior of a generalized Newtonian fluid exhibitin

the shear-thinning and tension-thickening is examined. T
simple power-law model, eq (4), is selected to repres
inelastic non-Newtonian behavior of polymer melts. She
rate is replaced by a function of the second invariant in
(4) as follows

(22)

Under the assumption of the quasi-elongational appr
imation (Debbaut and Crochet, 1988; Debbaut et al., 1988;
Oh and Lee, 1992), the elongation rate can be expresse
the velocity gradient in eq (5) as follows

(23)

Ca
ηuL

κ
---------= γ· 2 IId( )0.5=

ε· du
dx
------=

Fig. 13.Dependence of neck-in (a), bead thickness ratio (b), and bead width fraction (c) on the inertia force (characterized as the Rey-
nolds number) when Dr = 10 and Wo/L = 2.

Fig. 14.Dependence of neck-in (a), bead thickness ratio (b), and bead width fraction (c) on the gravity force (characterized as the Stokes
number) when Dr = 10 and Wo/L = 2.
114 Korea-Australia Rheology Journal
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A knowledge for the deformation rate, eqs (22) and (23),
provides a measure of the shear-thinning and tension-thick-
ening of the sample. Other factors such as inertia, gravity
and surface tension are ignored and the effect of power-law
indices is only considered. As can be seen in Fig. 16,
numerical results show shear-thinning produces less
neck-in and more bead thickness ratio than Newtonian. It
has little effect on the bead width fraction. As seen in
Fig. 17, the tension-thickening behavior makes the neck-
in larger and the bead width fraction smaller. The vari-
ation of the bead thickness ratio is negligible.

5. Conclusions

Numerical study on a generalized Newtonian fluid flo
in sheet casting process has been performed by the th
dimensional finite element method. Imposing a force-fr
boundary condition on the chill roll region greatly faci
itates to obtain a converged solution and get close to 
practical state of processing. Inertia, gravity and surfa
tension slightly reduce the degree of neck-in. In view 
bead thickness ratio, surface tension tends to make la
but inertia exerts a small negative effect. The most inf

Fig. 15.Dependence of neck-in (a), bead thickness ratio (b), and bead width fraction (c) on the surface tension (characterized as the
Capillary number) when Dr = 10 and Wo/L = 2.

Fig. 16.Dependence of neck-in (a), bead thickness ratio (b), and bead width fraction (c) on the extent of shear-thinning when Dr = 10
and Wo/L = 2.

Fig. 17.Dependence of neck-in (a), bead thickness ratio (b), and bead width fraction (c) on the extent of tension-thickening when
Dr = 10 and Wo/L = 2.
Korea-Australia Rheology Journal June 2000 Vol. 12, No. 2 115 
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ential factor for large bead thickness ratio is surface ten-
sion. In the flow behavior of a generalized Newtonian
fluid, the tension-thickening effect produces larger neck-in
and smaller bead width fraction than those in the New-
tonian fluid.

Nomenclature

ei : unit vector
f : body force per unit volume
g : gravitational acceleration constant
hi : free surface parameter
Ho : initial half thickness of the die
II d : second invariant of the rate of deformation tensor
L : melt drawn length
m,n : power-law index
n : outward unit normal vector
p : pressure
R : total radius of curvature
t : outward unit tangential vector
uL : take-up veloctiy
uo : die-exit velocity
v : velocity vector
u,v,w : velocity components in x, y, z directions
WL : final half width of the sheet
Wo : initial half width of the die
x,y,z : global coordinates

Greek letters

: shear rate
: elongation rate

η : viscosity
ηo : zero-shear viscosity
κ : surface tension
ρ : density
σnn : normal stress to the free surface
σnt : tangential stress to the free surface
τ : extra stress tensor
φi : bilinear or trilinear interpolation function
ψi : biquadratic or triquadratic interpolation function

Appendix

The final forms of Galerkin equations are given by

(A.1)

(A.2)

(A.3)

(A.4)

where the symbol � � � stands for the integration over th
boundary surface, and tx, ty and tz are the x, y and z com-
ponents of the contact force vector, respectively. Sub
tuting the corresponding shape functions to eqs (A.1)-(A
and reorganizing the system of equations in terms of u
w and p, the following forms of the nonlinear algebra
system of equations are constructed.

Aijuj + Dijvj + Eijwj + IXijkujuk + IYijkvjuk + IZijkwjuk

- PXijpj = Xi (A.5)

Djiuj + Bijvj + Fijwj + IXijkujvk + IYijkvjvk + IZijkwjvk

- PYijpj = Yi (A.6)

Ejiuj + Fjivj + Cijwj + IXijkujwk + IYijkvjwk + IZijkwjwk

- PZijpj = Zi (A.7)
 
-PXjiuj - PYjivj - PZjiwj = 0 (A.8)

where

Aij = 2�ηψi,x ; ψj,x�+�ηψi,y ; ψj,y�+�ηψi,z ; ψj,z� 

Bij =�ηψi,x ; ψj,x�+ 2�ηψi,y ; ψj,y�+�ηψi,z ; ψj,z� 

Cij =�η ψi,x ; ψj,x�+�η ψi,y ; ψj,y�+ 2�ηψi,z ; ψj,z� 

Dij =�η ψi,y ; ψj,x� Eij =�η ψi,z ; ψj,x�

Fij =�η ψi,z ; ψj,y� PXij =�ψi,x ; φj�

PYij =�ψi,y ; φj� PZij =�ψi,z ; φj�

IX ijk =�ρψi ; ψjψk,x� IYijk =�ρψi ; ψjψk,y�

IZijk =�ρψi ; ψjψk,z�

The finite element solution of a generalized Newtoni
flow is obtained by solving the nonlinear algebraic syste
consisting of eqs (A.5)-(A.8).
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